In [1] Faenza, Oriolo and Stauffer describe a O(|V |(|E| + |V | log(|V |)) algorithm to solve the MWSS Problem in claw-free graphs. Their algorithm is based on the decomposition of the graph G(V, E) obtained by splitting (ungluing) articulation cliques, producing a family of strips, solving the MWSS Problem on each strip, replacing the strips by simple "gadgets" and, finally, re-assembling the gadgets to produce a line graph H with the property that any MWSS of H "corresponds" to (and can be easily turned into) a MWSS of G. In their algorithm, several steps have a bottleneck time complexity of O(|V ||E|). In particular, in the case of quasi-line graphs, finding the articulation cliques, producing the decomposition and solving the MWSS Problem in the {claw, net}-free strips and in the strips with stability number at most three has a worst-case complexity of O(|V ||E|).
In this paper we solve the MWSS problem on claw-free graphs by using an analogous decomposition. In particular, we introduce new ideas which allow a more efficient implementation of the procedure. First, we construct a special stable set S of G(V, E) which is used to guide the decomposition task; second, we do the splitting on a proper superset of the family of articulation cliques, that we call weakly normal cliques, and can be more easily determined; third, we make use of the concept of "lifting" to manage in a simpler way the decomposition process. We show that, with such modifications, the complexity of decomposing G(V, E), constructing the "gadgets" and re-assembling the (line) graph H is dominated by the solution of the weighted matching problem in the root graph of H, thus providing a O(|V | 2 log(|V |)) time algorithm to solve the maximum weight stable set problem in a claw-free graph. This result is, in some sense, the best possible since it aligns the complexity of the maximum weight stable set problem in claw-free and line graphs.
For each graph G(V, E) we denote by V (F ) the set of end-nodes of the edges in F ⊆ E, by E(W ) the set of edges with end-nodes in W ⊆ V and by N (W ) (neighborhood of W ) the set of nodes in V \ W adjacent to some node in W . If W = {w} we simply write N (w). We denote by N [W ] and N [w] the sets N (W )∪W and N (w) ∪ {w} and by δ(W ) the set of edges having exactly one end-node in W ; if δ(W ) = ∅ and W is minimal with this property we say that W is (or induces) a connected component of G. We denote by G − F the subgraph of G obtained by removing from G the edges in F ⊆ E. A clique is a complete subgraph of G induced by some set of nodes K ⊆ V . With a little abuse of notation we also regard the set K as a clique and, for any edge uv ∈ E, both uv and {u, v} are said to be a clique. A node w such that N (w) is a clique is said to be simplicial. By extension, a clique K such that N (K) is a clique is also said to be simplicial. A claw is a graph with four nodes w, x, y, z with w adjacent to x, y, z and x, y, z mutually non-adjacent. To highlight its structure, it is denoted as (w : x, y, z). A P k is a (chordless) path induced by k nodes u 1 , u 2 , . . . , u k and will be denoted as (u 1 , . . . , u k ). A subset T ∈ V is null (universal ) to a subset W ⊆ V \ T if and only if N (T ) ∩ W = ∅ (N (T ) ∩ W = W ). Two nodes u, v ∈ V are said to be twins if N (u) \ {v} = N (v) \ {u}. We can always remove a twin from V without affecting the value of the optimal MWSS. In fact, if uv ∈ E we can remove the twin with minimum weight, while if uv / ∈ E we can remove u and replace w(v) by w(u) + w(v). The complexity of removing all the twins is O(|V | 2 ) ( [3] ) and hence we assume throughout the paper that our graphs have no twins. A paw (x, y : z, h) is a graph induced by two edges xy and zh with z universal and h null to {x, y}. A net (x, y, z : x ′ , y ′ , z ′ ) is a graph induced by a triangle T = {x, y, z} and three stable nodes {x ′ , y ′ , z ′ } with N (x ′ ) ∩ T = {x}, N (y ′ ) ∩ T = {y} and N (z ′ ) ∩ T = {z}.
We say that a node v ∈ V is regular if its neighborhood can be partitioned into two cliques. A graph G(V, E) is quasi-line if all of its nodes are regular. Each line graph is a quasi-line graph and each quasi-line graph is a claw-free graph. A 5-wheel W 5 = (v : v 1 , . . . , v 5 ) is a graph consisting of a 5-hole R = {v 1 , . . . , v 5 } called rim of W 5 and the node v (hub of W 5 ) adjacent to every node of R.
Wings and similarity classes
Let S be a stable set of G(V, E). Any node s ∈ S is said to be stable; any node v ∈ V \ S satisfies |N (v) ∩ S| ≤ 2 and is called superfree if |N (v) ∩ S| = 0, free if |N (v) ∩ S| = 1 and bound if |N (v) ∩ S| = 2. For each free node u we denote by S(u) the unique node in S adjacent to u. Observe that, by claw-freeness, a bound node b cannot be adjacent to a node u ∈ V \ S unless b and u have a common neighbor in S.
We denote by F S (t) the set of free nodes with respect to S which are adjacent to some node t ∈ S. A node z ∈ F S (t) is said to be an outer node for t if there exists a free node x adjacent to z and to a node q ∈ S \ {t}; the set of outer nodes for t is denoted by O S (t). Every node of F S (t) which is not an outer node is said to be an inner node for t; the set of inner nodes for t is denoted by I S (t). To simplify our notation we will omit the reference to S when it is clear from the context.
A bound-wing defined by {s, t} ⊆ S is the set W B (s, t) = {u ∈ V \ S : N (u) ∩ S = {s, t}}. A free-wing defined by the ordered pair (s, t) (s, t ∈ S) is the set W F (s, t) = {u ∈ F (s) : N (u) ∩ F (t) = ∅}. Observe that, by claw-freeness, any bound node is contained in a single bound-wing. On the other hand, a free node can belong to several free-wings. Moreover, while W B (s, t) ≡ W B (t, s), we have W F (s, t) = W F (t, s). By slightly generalizing the definition due to Minty [6] , we call wing defined by (s, t) (s, t ∈ S) the set W (s, t) = W B (s, t) ∪ W F (s, t) ∪ W F (t, s). Observe that W (s, t) = W (t, s). The nodes s and t are said to be the extrema of the wing W (s, t).
A node s ∈ S is said to be k-winged if s defines wings with k distinct nodes s 1 , s 2 , . . . , s k ∈ S. The number of wings defined by s is also said to be the wing number of s and denoted by k s . For each regular node s ∈ S, the set N [s] can be covered by two maximal cliques, say C s and C s . For each wing W (s, t) defined by a regular node s ∈ S, let C s (t) = C s ∩ W (s, t) and C s (t) = C s ∩ W (s, t). We call C s (t) and C s (t) the partial wings defined by t in C s and C s . For each node s ∈ S we regard the sets C s (s) = {s} ∪ (I(s) ∩ C s ) and C s (s) = {s} ∪ (I(s) ∩ C s ) as degenerate partial wings. Observe that both C s and C s are partitioned into partial wings. Moreover, each bound node u is contained in at most four, possibly coincident, partial wings (namely C s (t), C t (s), C s (t), C t (s) where s and t are stable nodes adjacent to u) and each free node u is contained in at most two partial wings (possibly coincident and/or degenerate). This implies that the total number of partial wings is O(|V |).
Following Schrijver [9] we say that two nodes u and v in V \ S are similar (u ∼ v) if N (u)∩S = N (v)∩S and dissimilar (u ∼ v) otherwise. Clearly, similarity induces an equivalence relation on V \ S and a partition in similarity classes. Similarity classes can be bound, free or superfree in that they are entirely composed by nodes that are bound, free or superfree with respect to S. Bound similarity classes are precisely the bound-wings defined by pairs of nodes of S, while each free similarity class contains the (free) nodes adjacent to the same node of S. Let V F be the set of nodes that are free with respect to S and let G F (V F , E F ) be the graph with edge-set E F = {uv ∈ E : u, v ∈ V F , u ∼ v} (free dissimilarity graph).
Definition 21 Let G(V, E) be a claw-free graph, S a maximal stable set in G and G F the free dissimilarity graph of G with respect to S. A connected component of G F inducing a maximal clique in G is said to be a free component of G with respect to S. The family of the free components of G with respect to S is denoted by F (S).
⊓ ⊔
Observe that the fact that a free component is a maximal clique implies that it intersects at least two free similarity classes and hence contains at least two nodes. The next theorem has been proved in [8] .
Theorem 21 [8] Let G(V, E) be a claw-free graph and S a maximal stable set of G. Then a connected component of G F intersecting three or more free similarity classes induces a maximal clique in G and hence is a free component.
⊓ ⊔
Theorem 22 Let G(V, E) be a claw-free graph and S a maximal stable set of G.
A node u ∈ V \ S belongs to at most one wing if and only if it does not belong to any free component intersecting three or more similarity classes.
Proof. Let u be a node in V \ S and assume first that it belongs to some free component C intersecting three or more similarity classes. Let s = S(u) and let s ′ , s ′′ = s be two nodes in S adjacent to C. Then u belongs to the wings W (s, s ′ ) and W (s, s ′′ ). Assume now that u does not belong to any free component intersecting three or more similarity classes. If u is a bound node, then it obviously belongs to a unique wing. On the other hand, if u is a free node belonging to two different wings, then there exist two free nodes, say x and y, adjacent to u and with S(u) = S(x) = S(y) = S(u). It follows that u, x and y belong to three different similarity classes, a contradiction.
⊓ ⊔ 3 Normal and weakly normal cliques Definition 31 [8] A maximal clique Q in a graph G(V, E) is said to be bisimplicial if N (Q) is partitioned into two cliques K 1 , K 2 . The clique Q is said to be strongly bisimplicial if K 1 is null to K 2 .
A maximal clique Q is reducible if α(N (Q)) ≤ 2. If Q is a maximal clique, two non-adjacent nodes u, v ∈ N (Q) are said to be
A maximal clique Q is normal if it has three independent neighbors that are mutually Q-distant. In [4] Lovász and Plummer proved the following useful properties of a maximal clique in a claw-free graph.
Proposition 31 [4] Let G(V, E) be a claw-free graph. If Q is a maximal clique in G then:
(ii) if u, v, w are mutually non-adjacent nodes in N (Q) and two of them are Qdistant then any two of them are Q-distant; (iii) if u, v, w are mutually non-adjacent nodes in N (Q) and z ∈ N (Q) is not adjacent to u then u and z are Q-distant; (iv) if Q is normal and u and v are Q-close then each node x ∈ N (u) ∩ N (v) ∩ Q is the hub of a 5-wheel.
The next theorem states a new property of normal cliques.
Theorem 31 Let G(V, E) be a claw-free graph and u a regular node in V whose closed neighborhood is covered by two non-empty maximal cliques Q and Q. Then Q is normal if and only if there exist two Q-distant nodes x, y ∈ N (Q) \ N (u) and a node z ∈ Q \ Q null to {x, y}.
Proof. If x, y ∈ N (Q) \ N (u) are Q-distant and there exist a node z ∈ Q \ Q null to {x, y} then, by (ii) of Proposition 31, we have that x, y, z are mutually Q-distant and hence that Q is normal. Suppose now that Q is normal and let x, y, z be three Q-distant nodes in N (Q). Assume, without loss of generality, that x, y / ∈ N (u). If z belongs to Q the theorem follows. So, assume that z / ∈ Q and hence that z / ∈ N (u). If N (x) ∪ N (y) ⊇ Q \ Q the theorem follows. So, assume that N (x) ∪ N (y) ⊇ Q \ Q and hence, without loss of generality, that there exists a node t ∈ Q \ Q which is adjacent to x and not adjacent to y (otherwise (t : x, y, u) would be a claw). Observe that the node t is also non-adjacent to z (otherwise (t : x, z, u) would be a claw). But then the nodes y and z are Q-distant and have the property that N (x) ∪ N (z) ⊇ Q \ Q and again the theorem follows.
⊓ ⊔ Property (iv) of Proposition 31 implies that in a claw-free graph a normal clique either contains the hub of a 5-wheel or has the property that every two nonadjacent nodes in N (Q) are Q-distant. This suggests the following definition.
Definition 32 A maximal clique Q in a graph G(V, E) is said to be weakly normal if every two non-adjacent nodes in N (Q) are Q-distant.
Evidently, a weakly normal clique Q is normal if and only if α(N (Q)) ≥ 3. Moreover, each node u in a weakly normal clique Q is regular since Q and N (u) \ Q are two cliques covering N [u].
Theorem 32 Let G(V, E) be a claw-free graph and u a regular node in V whose closed neighborhood is covered by two maximal cliques Q and Q. If Q (Q) is not reducible then it is normal.
Proof. Suppose, by contradiction, that Q is not normal and α(N (Q)) ≥ 3. Corollary 31 In a quasi-line graph G(V, E), a clique Q is normal if and only if it is non-reducible and weakly normal.
Lemma 31 Let G(V, E) be a quasi-line graph and Q a strongly bisimplicial clique with N (Q) covered by the non-empty and disjoint cliques K 1 and K 2 , null to each other.
) is a clique then it is also weakly normal.
Proof. By symmetry it is sufficient to prove the result forK 1 , assuming it is a clique. First observe thatK 1 is a maximal clique. Now suppose, by contradiction, that there exist two non-adjacent nodes x, y in N (K 1 ) adjacent to some node z ∈K 1 . The node z belongs to K 1 , since otherwise both x and y would belong to N (Q) \ K 1 = K 2 , a contradiction. Let u be any node in Q ∩ N (K 1 ). It follows that x, y / ∈ N (u) and hence (z : x, y, u) is a claw in G, a contradiction.
Observe that the notion of articulation clique, defined by Faenza et al. ([1] ), is strictly related to the notions of normal clique (called net clique in [1] ) and weakly normal clique. In particular, in a quasi-line graph the class of normal cliques is properly contained in the class of articulation cliques which, in turn, is properly contained in the class of weakly normal cliques. Also the lifting operation described in the next section is related to the "ungluing" operation of articulation cliques introduced by Faenza et al. in [1] where is proved that the list of articulation cliques of a quasi-line graph G(V, E) and the ungluing of each one of them can be performed in O(|V ||E|) time. In what follows, we will show how to construct, in O(|V | 2 ) time, a list of weakly normal cliques containing all the normal cliques (but not necessarily all the articulation cliques) and lift, again in O(|V | 2 ) time, each one of them.
Lifting operation
Definition 41 Let G(V, E) be a connected graph, Q a maximal clique in G and
obtained by removing all the edges connecting different sets in K, adding a clique {q 1 , . . . , q p }, a stable set {q 1 , . . . , q p } and new edges q i q i and q i t for each t ∈ K i (i = 1, . . . , p) is said to be the lifting of Q in G with respect to K. The family K is said to be a lifting partition, the clique {q 1 , . . . , q p } is said to be the lifting clique and the edges q i q i (i = 1, . . . , p) are said to be lifting edges.
⊓ ⊔
Observe that the lifting edges q i q i (i = 1, . . . p) define a matching in G (Q,K) and are strongly bisimplicial cliques.
The next theorem shows that the lifting operation does not turn a clique which is not weakly normal into a weakly normal one.
Theorem 41 Let G(V, E) be a graph, Q a clique in G and K a partition of Q. Then any maximal clique belonging both to G and to G (Q,K) which is weakly normal in G (Q,K) is also weakly normal in G.
Proof. By contradiction, assume that there exists a maximal clique Q ′ belonging both to G and to G (Q,K) which is weakly normal in G (Q,K) but is not weakly normal in G. It follows that in G there exist non-adjacent nodes x, y ∈ N (Q ′ ) having a common neighbor z ∈ Q ′ but such a configuration is not preserved in G (Q,K) . Since the lifting operation does not remove nodes nor adds edges connecting previously existing nodes, we have that one of the two edges xz and yz has been removed; without loss of generality, assume that x and z are not adjacent in G (Q,K) . It follows that the nodes x and z belong to different sets in K, say x ∈ K j and z ∈ K h . But then in G (Q,K) q h (the lifting node adjacent to K h in G (Q,K) ) and y are non-adjacent nodes in N (Q ′ ) having the common neighbor z ∈ Q ′ , contradicting the assumption that Q ′ is weakly normal in G (Q,K) . The theorem follows.
The lifting operation has the property that applying the edge projection [5] to the lifting edges q i q i produces the original graph G. The maximum weight stable set of G (Q,K) is strongly related to the maximum weight stable set of G (for suitably chosen weight vectors).
Definition 42 Let G(V, E) be a graph with node weighting w ∈ ℜ V . Let K (|K| = p ≥ 2) be a partition of a maximal clique Q in G and G (Q,K) (V ,Ê) the lifting of Q in G with respect to K and let q i q i (i = 1, . . . , p) be the lifting edges. Let
Theorem 42 Let G(V, E) be a graph with node weighting w ∈ ℜ V . Let K = {K 1 , . . . , K p } (p ≥ 2) be a partition of a maximal clique Q in G and G (Q,K) (V ,Ê) the lifting of Q in G with respect to K and let q i q i (i = 1, . . . , p) be the lifting edges. Let S * be a maximum weight stable set in G (Q,K) with respect to the extension
. . , p} is a maximum weight stable set in G with respect to w).
Proof. We have
, contradicting the optimality of S * . Suppose now thatS = S * \ {q i , q i : i = 1, . . . , p} is not a stable set with maximum weight in G (w.r.t. w) and letS be a stable set in G with w(S) > w(S). We have |S ∩ Q| ≤ 1 and henceS ∩ K i = ∅ for at most one index i ∈ {1, . . . , p}. Assume, without loss of generality,S ∩ K i = ∅ for i = 1, . . . , p − 1. But then S =S ∪ {q 1 , q 2 , . . . , q p−1 , q p } is a stable set in G (Q,K) with w(S) > w(S * ), contradicting its optimality. The theorem follows.
⊓ ⊔
In general the lifting operation does not preserve specific structural properties. A line graph can be lifted into a non-line graph and the lifting of a claw-free graph could well contain one or more claws. We are interested in cases in which the lifting operation preserves some structural property. In particular we would like to characterize the cliques whose lifting turns claw-free graphs into claw-free graphs.
To this purpose, we first need few more definitions.
Definition 43 Let Q be a maximal clique in G. A Q-paw of G is a paw (x, y : z, h) with x, y ∈ Q and z, h / ∈ Q. The pair x, y is said to be the base of the Q-paw. ⊓ ⊔
of Q with the following properties:
have a common neighbor in N (Q).
We are now ready to state the sought for characterization of maximal cliques whose lifting preserves claw-freeness.
Theorem 43 Let G(V, E) be a claw-free graph, Q a maximal clique in G and
with lifting edges q i q i (i = 1, . . . , p) is a claw-free graph if and only if Q is liftable with respect to K.
Proof. The "only if" part of the proof is trivial: in fact, if two non-adjacent nodes x, y / ∈ Q have a common neighbor h ∈ Q then (h : x, y, q i ) (where K i is the subset of Q containing h) is a claw in G (Q,K) ; on the other hand, if there exists a node h inQ adjacent to a node x ∈ K i , a node y ∈ K j (K i = K j ∈ K) and a node z / ∈ Q such that xz / ∈ E and yz / ∈ E, we have that (h :
To prove the "if" part of the theorem, assume by contradiction that G
contains a claw (h : x, y, z) and let Q be the lifting clique {q 1 , . . . , q p }. Since both N (q i ) and N (q i ) (i = 1, . . . , p) are partitioned in two cliques, we have h / ∈ {q i , q i : i = 1, . . . , p}. Consequently, x, y, z do not belong to Q. So, two cases are possible: either (a) there exists and index i ∈ {1, . . . , p} such that q i ∈ {x, y, z} or (b) q i / ∈ {h, x, y, z} for every i ∈ {1, . . . , p}.
(a) In this case, we can assume, without loss of generality, q i ≡ x. Since h is not q i , we have h ∈ K i . Moreover, since xy and xz do not belong toÊ, we have y, z / ∈ K i and, since hy and hz belong toÊ, we also have y, z / ∈ Q \ K i . Finally, we have yz / ∈ E, since the only edges removed by the lifting operation are those with both ends in Q. But then y and z are two non-adjacent nodes in V \ Q having a common neighbor (h) in Q, contradicting property (i) of Definition 44. (b) In this case, all the edges of the claw are also edges in E. Hence, since G is claw-free, two of the nodes in {x, y, z} are adjacent in G. Without loss of generality, assume xy ∈ E, x ∈ K i and y ∈ K j (i = j). We have h / ∈ Q, since both hx and hy belong toÊ. If also z does not belong to Q, then xz, yz / ∈ E (since only edges with both ends in Q are removed by the lifting operation) and hence h violates property (ii) of Definition 44. If, conversely, z ∈ Q, since xz, yz / ∈Ê, we have z ∈ K t with t = i, j. But then h violates property (iii) of Definition 44. The theorem follows.
The following two theorems show that by lifting liftable cliques we also preserve the property of being {claw, 5-wheel}-free and quasi-line.
Theorem 44 Let G(V, E) be a claw-free graph and Q a liftable clique in G with respect to
Proof. The graph G (Q,K) is claw-free by Theorem 43. Suppose, by contradiction, that there exists a 5-wheel W = (v 0 : v 1 , . . . , v 5 ) in G (Q,K) . We first observe that, for each i ∈ {1, . . . , p}, the lifting nodes q i and q i have the property that
It is now easy to check that if both q i and q i belong to W then they have a common neighbor (a contradiction) while if only one of them belongs to W then either K i or Q is not a clique (again a contradiction). It follows that W ∩ {q i , q i } = ∅ for each i ∈ {1, . . . , p} and that any edge inÊ with both end-nodes in W also belongs to E. Since W does not induce a 5-wheel in G, there exists an edge, say v 1 v 3 in E \Ê. Without loss of generality, we can assume v 1 ∈ K i and v 3 ∈ K j (i = j) and hence q i v 1 ∈Ê and q j v 3 ∈Ê. Observe now that v 2 belongs neither to K i (being adjacent to v 3 ∈ K j ) nor to K j (being adjacent to v 1 ∈ K i ). It follows that v 2 is non-adjacent to both q i and q j in G (Q,K) . But then, by claw-freeness of G (Q,K) , the nodes q i and q j are adjacent, respectively, to v 5 and v 4 . This implies v 5 ∈ K i and v 4 ∈ K j , contradicting the fact that the edge v 4 v 5 belongs toÊ.
⊓ ⊔ Theorem 45 Let G(V, E) be a quasi-line graph and Q a liftable clique in G with respect to
Proof. The result is trivial if α(G) = 1. In the other cases we have α(G (Q,K) ) > α(G) ≥ 2 and the theorem follows from Theorem 43, Theorem 44 and the aforementioned result by Fouquet [2] . ⊓ ⊔
In [8] we introduced the notion of canonical stable set of G and showed how to produce it in time O( |E||V |). 
Definition 47 Let G(V, E) be a claw-free graph. A matching M is said to be canonical if (i) each edge uv ∈ M is a strongly bisimplicial clique and (ii) either
is an M -clique. A canonical matching M is said to be an S-matching if for each edge uv ∈ M we have |{u, v} ∩ S| = 1 (uv is saturated by S). ⊓ ⊔ Definition 48 Let G(V, E) be a claw-free graph, S a canonical stable set of G, M ⊆ E an S-matching and Q a liftable clique of G with respect to a lifting partition
be the lifting of Q with respect to K and let q i q i (i = 1, . . . p) be the lifting edges. We let:
The sets S (Q,K) and M (Q,K) are said to be the extensions of S and M , respectively, in
Theorem 47 Let G(V, E) be a claw-free graph and S a canonical stable set of G. Let Q be a liftable clique of G with respect to a lifting partition K. Then the extension S (Q,K) of S is a canonical stable set of the graph G (Q,K) obtained from G by lifting the clique Q with respect to K.
Proof. Let K = {K 1 , K 2 , . . . , K p } and let q i q i (i = 1, . . . p) be the lifting edges. Let Q = {q 1 , . . . , q p } and observe that either Q contains a node s ∈ S or every node in Q is free. In fact, if Q contains a bound node x with N (x) ∩ S = {s, t} then the hypothesis that Q is liftable (and hence weakly normal) implies that either s or t belongs to Q. Consider first the case Q ∩ S = ∅ and observe that any node in K i (i ∈ {1, . . . , p}) belongs to the set of free nodes in G with respect to S and becomes bound in G (Q,K) with respect to S (Q,K) . Moreover, the nodes in Q are free with respect to
with respect to S (Q,K) . We have s = q i (i ∈ {1, . . . , p}), since q i is the unique free node with respect to S (Q,K) which is adjacent to q i in G (Q,K) . It follows that the nodes u, s, v belong to G, s is a stable node in S and u, v are free nodes in G with respect to S. Since S is canonical in G we have uv ∈ E and hence the edge uv has been removed by the lifting operation. But this is impossible since the end-nodes of each edge removed by the lifting operation belong to different sets of K and are bound in G (Q,K) with respect to S (Q,K) . It follows that there exists no augmenting P 3 in G (Q,K) with respect to S (Q,K) . Suppose now that x is a dominating free node in G (Q,K) adjacent to a node s ∈ S (Q,K) . We have x / ∈ Q and s = q i (i ∈ {1, . . . , p}), so both x and s belong to G, s is a stable node in S and x is a free node in G with respect to S. Since x is not dominating in G with respect to S, we have that there exists a node x which is adjacent to s and not adjacent to x in G. The node x is not adjacent to s in G (Q,K) , so the edge sx has been removed by the lifting operation. But this is impossible since both end-nodes of each edge removed by the lifting operation are free in G with respect to S.
To complete the proof, consider now the case in which Q ∩ S = ∅ and assume that t is the unique node in Q ∩ S. Without loss of generality, we can assume t ∈ K 1 . Observe that any node that is free, bound or stable in G with respect to S is also free, bound or, respectively, stable in G (Q,K) with respect to S (Q,K) . Moreover the nodes {q 1 , q 2 , . . . , q p } belong to S (Q,K) while the nodes {q 1 , q 2 , . . . , q p } are bound in G (Q,K) with respect to S (Q,K) . Suppose that (u, s, v) is an augmenting P 3 in G (Q,K) with respect to S (Q,K) . We have s / ∈ {q i , q i } (i ∈ {1, . . . , p}). It follows that the nodes u, s, v belong to G, s is a stable node in S and u, v are free nodes in G with respect to S. Since S is canonical in G we have uv ∈ E and hence the edge uv has been removed by the lifting operation. It follows that the nodes u, v belong to different sets of K. Moreover, s coincides with t, since this is the only node in S adjacent to the free nodes in Q. But this is impossible since one of the edges ut, vt would also have been removed by the lifting operation. It follows that there exists no augmenting P 3 in G (Q,K) with respect to S (Q,K) . Suppose now that x is a dominating free node in G (Q,K) adjacent to a node s ∈ S (Q,K) . We have x, s / ∈ {q i , q i } (i ∈ {1, . . . , p}) so both x and s belong to G, s is a stable node in S and x is a free node in G with respect to S. Since x is not dominating in G with respect to S, we have that there exists a node x which is adjacent to s and not adjacent to x in G. The node x is not adjacent to s in G (Q,K) , so the edge sx has been removed by the lifting operation. Hence, we have s, x ∈ Q and x / ∈ Q. Moreover, s coincides with t since this is the only node in S ∩ Q. The nodes s, x belong to different sets of K. Assume, without loss of generality, s ∈ K i and x ∈ K j . But then q i is adjacent to s and non-adjacent to x in G (Q,K) , contradicting the fact that x is dominating. The theorem follows.
⊓ ⊔ Let G(V, E) be a claw-free graph with node weighting w, S a canonical stable set of G and M ⊆ E an S-matching. Let G, S, M and w be the graph, stable set, Smatching and weight vector obtained after a sequence of liftings and corresponding extensions from G, S, M and w, respectively. In the following, with a little abuse of notation, we will say that S, M and w are the extensions of S, M and w in G.
S-cover and free components
Definition 51 Let G(V, E) be a claw-free graph and S a canonical stable set of G. For each regular node s ∈ S let C s and C s be maximal cliques covering
With a little abuse of notation, we also say that some clique C belongs to an S-cover C(S) if C ∈ {C s , C s } for some pair (C s , C s ) ∈ C(S). Let F (S) be the family of free components with respect to the canonical stable set S, as defined in Definition 21. When no confusion arises we simply write C and F instead of C(S) and F (S).
Theorem 51 Let G(V, E) be a claw-free graph and S a canonical stable set of G. Let C and F be an S-cover and the family of free components of G, respectively. Then each node u ∈ V is contained in at most four cliques of C ∪ F .
Proof. First observe that the only cliques in C ∪ F containing a regular stable node u are C u , C u ∈ C while no clique in C ∪ F contains an irregular stable node. Moreover, the only cliques in C ∪ F possibly containing a bound node u ∈ W (s, t) are C s , C s , C t , C t and, finally, each free node u ∈ F (s) belongs to at most one free component and to at most two cliques in C (namely C s , C s ).
⊓ ⊔
Theorem 52 Let G(V, E) be a claw-free graph and S a canonical stable set of G.
Then an S-cover C and the family
Proof. We first show that an S-cover
2 ) time we can either find two maximal cliques covering N (s) or conclude that s is not regular. Moreover, since each node v ∈ V is adjacent to at most two nodes in S, we have s∈S |N (s)| 2 ≤ 4|V | 2 . As to F , observe that in O(|E|) time we can construct the set F (S) of free nodes with respect to S and partition F (S) into free similarity classes. In turn, this allows us to construct in O(|E|) time the free dissimilarity graph of G and hence, in O(|V | 2 ) time, the list of the connected components of such a graph which are cliques. Finally, again in O(|V | 2 ) time, we can remove from such a list the cliques which are not maximal.
Theorem 53 Let G(V, E) be a claw-free graph, S a canonical stable set of G and F the family of the free components of G with respect to S. A weakly normal clique Q of G either belongs to F or contains a regular stable node s. Moreover, if Q is normal then N [s] is uniquely covered by two maximal cliques one of which is Q and, consequently, Q belongs to every S-cover of G.
Proof. Since Q is weakly normal, for each node v ∈ Q we have that
is uniquely covered by two maximal cliques one of which is Q ( [1] ). Suppose that Q is a soft clique and that there exists two maximal cliques H and
The nodes h and k exist since H, K = Q and belong toQ \ Q. Moreover, since Q is maximal, there exist nodes,h,k ∈ Q that are non-adjacent to h and k, respectively. But then, for each node y ∈ Q H \ {v} the pair {v, y} is universal to the stable pair {h,h} and for each node y ∈ Q K \ {v} the pair {v, y} is universal to the stable pair {k,k}. It follows that, for each node y ∈ Q \ {v}, the edge vy is rigid contradicting the assumption that Q is soft in G.
Hence, we can conclude that if Q contains a stable node s then s is regular and, if Q is normal or soft in G, then N [s] is uniquely covered by two maximal cliques one of which is Q.
Assume now that Q ∩ S = ∅ and suppose, by contradiction, that there exists a bound node v ∈ Q. Let W (s, t) be the wing containing v. Both s and t belong to N (Q) and are adjacent to the node v ∈ Q. But this contradicts the assumption that Q is weakly normal, since s and t are non-adjacent. It follows that Q contains only free nodes, each one of them adjacent to some node in S, so S ′ = N (Q) ∩ S = ∅. We have that S ′ contains at least two nodes, since otherwise the unique node in S ′ would be universal to Q, contradicting its maximality. It follows that Q is contained in some connected component C of G F . If C is a clique, then Q ≡ C belongs to F and the theorem follows. Otherwise there exists a node x ∈ C \ Q adjacent to some dissimilar node y ∈ Q. But then x and S(y) are non-adjacent nodes in N (y) \ Q, contradicting the assumption that Q is weakly normal.
⊓ ⊔ 6 Lifting soft cliques: from claw-free to quasi-line Definition 61 Let G(V, E) be a graph. An edge uv ∈ E is rigid if both u and v are adjacent to two non-adjacent nodes x and y. Let E R ⊆ E be the set of rigid edges of G. The graph G R (V, E R ) is said to be the rigid structure of G and an
Theorem 61 Let G(V, E) be a graph. A maximal clique Q which is soft in G is liftable with respect to the partition of Q ( rigid partition) into the connected components
Proof. Suppose that property (i) of Definition 44 is not satisfied and there exist two non-adjacent nodes u, v ∈ N (Q) with a common neighbor z ∈ Q. Letū and v be nodes in Q non-adjacent to u and v, respectively. By claw freeness, each node y ∈ Q \ {z} is adjacent either to u or to v and hence the edge yz is rigid since y and z are adjacent either to {u,ū} or to {v,v}. It follows that G R [Q] is connected contradicting the hypothesis that Q is not rigid in G. Suppose now that property (ii) is not satisfied and let
be the base of a Q-paw (x, y : z, h). Letz be a node in Q non-adjacent to z. But then xy is rigid since both x and y are universal to {z,z}, a contradiction. Finally, suppose that property (iii) is not satisfied and let
be nodes with a common neighbor z in N (Q). Letz be a node in Q non-adjacent to z. But then xy is rigid since both x and y are universal to {z,z}, a contradiction.
We are now going to show that the family of maximal soft cliques in a claw free graph contains O(|V |) elements and that all such cliques can be successively lifted in O(|V | 2 ) time, producing a lifted graph G L and a canonical S-matching M L with the property that each irregular node of G is contained in a shrinkable component C of G L with α(C) ≤ 3. As a consequence, by shrinking all the shrinkable components with stability number at most three we will be able to turn the claw-free graph G L into a quasi-line graph G QL . Let us start by proving that a claw-free graph G contains O(|V |) maximal soft cliques.
Theorem 62 Let G(V, E) be a claw-free graph, S a canonical stable set of G, C any S-cover of G and F the family of the free components of G with respect to S. Then a maximal soft clique Q belongs to C ∪ F .
Proof. By Theorem 61, a maximal soft clique Q is liftable and hence weakly normal. It follows, by Theorem 53, that either Q belongs to F or it contains a regular node v ∈ S. In the second case suppose, by contradiction that Q does not belong to C and hence that there exist two maximal cliques H and K covering N [v] and different from Q andQ, withQ any maximal clique containing
In the next theorem we prove that the family of all the maximal soft cliques can be constructed in O(|V | 2 ) time.
Theorem 63 Let G(V, E) be a claw-free graph and S a canonical stable set of G. The family S of maximal soft cliques of G along with the corresponding rigid partitions can be constructed in O(|V | 2 ) time.
Proof. By Theorem 53 the maximal soft cliques of G belong to C ∪ F , where C is any S-cover of G and F is the family of the free components of G with respect to S. By Theorem 52 C ∪ F can be constructed in O(|V | 2 ) time; moreover observe that C ∪ F contains O(|V |) elements. Then, in overall time O(|V | 2 ), we construct the list {L u : u ∈ V }, where L u is the family of cliques in C ∪ F containing the node u. Observe that, by Theorem 51, |L u | ≤ 4.
For each node u ∈ V and each clique Q ∈ C ∪ F \ L u let Root[u, Q] be a node in Q adjacent to u (if any). Moreover, for each clique Q ∈ C ∪ F , let G Q (Q, E Q ) be the spanning subgraph of G[Q] with xy ∈ E Q if and only if there exists a node u ∈ N (Q) satisfying x = Root[u, Q] and y ∈ N (u) ∩ Q. We have the following:
Proof. Initialize the graphs G Q by letting, for each Q ∈ C ∪ F ,
Evidently the above procedure produces the matrix Root[·, ·] and the graphs G Q in overall time O(|V | 2 ). End of Claim (i).
Claim (ii). For each Q ∈ C ∪ F the graph G Q is connected if and only if Q is rigid. Proof. First observe that each edge xy ∈ E Q is rigid. In fact, there exist a node u ∈ N (Q) with x = Root[u, Q] and y ∈ N (u) ∩ Q. Moreover, since Q is maximal, there exists a nodeū ∈ Q which is not adjacent to u (and adjacent to both x and y). It follows that Q is rigid if G Q is connected. Suppose now that G Q is not connected and let (K 1 , . . . , K p ) be the connected components of G Q . We claim that Q is soft with lifting partition (K 1 , . . . , K p ). Suppose not and let xy ∈ E be a rigid edge with x ∈ K i and y
But then the edges xū and yū belong to E Q and so x and y are connected, contradicting the assumption.
End of Claim (ii).
To complete the proof observe that in O(|V | 2 ) time we can list the connected components of the graphs G Q for each Q ∈ C ∪ F and produce the family S of the soft cliques of G along with the corresponding lifting partitions.
⊓ ⊔ Theorem 64 Let G(V, E) be a graph and let Q be a maximal soft clique in G. Let G (Q,K) be the lifting of Q in G with respect to the rigid partition K = {K 1 , K 2 , . . . , K p }. Let M = {q iqi : i = 1, . . . p} be the set of lifting edges. Then any edge with at least one end-node in V (M ) is soft in G (Q,K) and an edge uv ∈ E is rigid in G (Q,K) if and only if it is rigid in G.
Proof. Observe that, as a consequence of the fact that the lifting edges are bisimplicial, any edge in G (Q,K) with at least one end-node in V (M ) is soft. Hence, only the edges in E can possibly be rigid in G (Q,K) . Assume that some edge uv ∈ E changes its status after the lifting of Q with respect to K.
First, assume that uv is not rigid in G and rigid in G (Q,K) and let x, y be nonadjacent nodes in G (Q,K) which are universal to {u, v}. If the edge xy have been removed by the lifting then we have x ∈ K i and y ∈ K j for some pair of sets
. But then we have u / ∈ Q, otherwise either ux or uy (or both) would have been removed by the lifting. Letū ∈ Q be a node non-adjacent to u. We have that u,ū is a pair of non-adjacent nodes in G universal to {x, y}, so xy is a rigid edge in G, contradicting the assumption that K is the rigid partition of Q. It follows that xy is not an edge of G. As a consequence, one node in {x, y} must be a lifting node, otherwise uv would have been rigid also in G. Assume that x ≡ q i is the lifting node universal to K i ∈ K. Hence, we have {u, v} ⊆ K i and, since there is only one lifting node adjacent to K i (namely x) and y is non-adjacent to x, the node y belongs to V \ Q. Letȳ be any node in Q non-adjacent to y. We have that {y,ȳ} is a pair of non-adjacent nodes in G universal to {u, v}, so uv is a rigid edge in G, contradicting the assumption. Hence, we can conclude that any edge which is rigid in G (Q,K) is also rigid in G.
Assume now that uv is not rigid in G (Q,K) and rigid in G and let x, y be nonadjacent nodes in G which are universal to {u, v}. Since {x, y} ⊂ V and the lifting does not add any edge with both end-nodes in V , we have that some edge in {xu, xv, yu, yv} is removed by the lifting. Assume that xu is removed. It follows that we have x ∈ K i and u ∈ K j for some pair of sets K i , K j ∈ K (i = j). Assume that v does not belong to Q and letv be any node in Q non-adjacent to v. We have that {v,v} is a pair of non-adjacent nodes universal to xu, contradicting the assumption that K is the rigid partition of Q. It follows that v belongs to Q and in particular, since the edge uv is not removed by the lifting, v ∈ K j . Moreover, since xy does not belong to E, we have y / ∈ Q. Let q j be the lifting node universal to K j in G (Q,K) . We have that {q j , y} is a pair of non-adjacent nodes in G (Q,K) universal to uv, contradicting the assumption that uv is soft in G (Q,K) . The theorem follows.
⊓ ⊔
Lemma 61 Let G(V, E) be a graph and let Q be a maximal soft clique in G. Let G (Q,K) be the lifting of Q in G with respect to the rigid partition K. Then any subset H = Q of V is a soft maximal clique of G (Q,K) if and only if it is a soft maximal clique of G.
. . , q p } be the corresponding lifting clique and let q i q i (i = 1, . . . , p) be the lifting edges. Let H = Q be a subset of V . We claim that H is a maximal clique in G if and only if it is a maximal clique in G (Q,K) . In fact, assume that H is a maximal clique in G and not in G (Q,K) . Since the lifting operation only adds edges with one end-node in Q and H is not a subset of Q we have that H is not a clique in G (Q,K) . Let uv be an edge with {u, v} ⊂ Q ∩ H removed by the lifting operation (uv is a soft edge). Since Q and H are maximal cliques in G we have that there exist a node z in Q \ {u, v} and a nodez in H \ {u, v} such that zz / ∈ E. It follows that uv is a rigid edge in G, a contradiction. Consequently, H is a maximal clique also in G (Q,K) . Assume now that H is a maximal clique in G (Q,K) . Observe that H \ Q = ∅, otherwise we would have H ⊆ K i for some i ∈ {1, . . . , p}, contradicting the maximality of H. If H is not a maximal clique in G, there exists a node z which is universal to H in G and is not adjacent to a node u ∈ H in G (Q,K) . It follows that {z, u} is a subset of Q and zu is a soft edge in G. Let v be a node in H \ Q andv a node in Q with vv / ∈ E. But then {v,v} is universal to {z, u} contradicting the assumption that zu is soft in G. Hence, H is a maximal clique in G if and only if it is a maximal clique in G (Q,K) . Moreover, by Theorem 64, every edge in H is soft in G (Q,K) if and only if it is soft in G. Hence, H is a soft maximal clique of G (Q,K) if and only if it is a soft maximal clique of G. The theorem follows.
⊓ ⊔ Let S = {Q 1 , . . . , Q t } be the family of maximal soft cliques of G. The above lemma shows that we can lift in any order the cliques in S obtaining a graph G L and a canonical matching M L . In the following lemma we are going to prove some important properties of G L .
Lemma 62 Let G(V, E) be a claw-free graph. Then in O(|V | 2 ) time we can construct the graph G L and the canonical matching Proof. By Theorem 64, the rigid structures of the graphs G and G L are essentially the same (the latter is obtained by adding the nodes in V (M L ) as isolated nodes to the former). Since G L is obtained by lifting all the maximal soft cliques in G, it follows easily that any maximal clique in
Let u, v be nodes in V (M L ). If they are matched by M L or belong to an M Lclique then obviously they are adjacent. On the other hand, if both u and v are produced by lifting some clique Q and are adjacent then they define a lifting edge or belong to the lifting clique. Assume, conversely, that u and v are produced by two different liftings and are adjacent. Without loss of generality, assume that node u is produced before node v and that v and the edge uv are produced by lifting some cliqueQ in an intermediate graphG. It follows thatQ inG contains u, but this contradicts the assumption that G L has been obtained by lifting only cliques belonging to G. It follows that u and v are adjacent if and only if they are produced by the same lifting and either define a lifting edge or belong to the lifting clique.
By Theorem 63 we construct in O(|V |
2 ) time the list S = {Q 1 , . . . , Q t } of maximal soft cliques in G and the corresponding rigid partitions
Moreover, if a node u ∈ V belongs to three cliques in S, say Q i , Q j and Q h , we have that it also belongs to three members of the corresponding rigid partitions K i , K j and K h . Without loss of generality, assume u ∈ K i1 ∩ K j1 ∩ K h1 and let q i1 , q j1 and q h1 be the lifting nodes universal to such sets. But then u is adjacent in G L to the nodes qi1, q j1 and q h1 which are produced by the lifting of three distinct cliques and hence, by property (ii), mutually non-adjacent. But this contradicts the fact that G L is claw-free. It follows that any node in V belongs to at most two cliques of the list and hence the overall complexity of the lifting procedure is O(|V | Proof. If v 0 is an irregular node then it is the hub of a 5-wheel
}} (sums taken modulo 5) and U = i=1,...,5 U i . By clawfreeness, U i is a clique for each i ∈ {1, . . . , 5} and each node in N 2 (R) is adjacent to some node in U . 
Case (1). Either U i or U i+1 is empty for each i = 1, . . . , 5.
IfŪ is empty then V = N [R] and α(G) = 3, contradicting the hypothesis. Hence, without loss of generality, we can assumeŪ 1 = ∅. By assumption we have U 2 = U 5 = ∅. Moreover, U 3 and U 4 cannot be both non-empty so, again without loss of generality, assume U 4 = ∅.
Claim (1.i). X and Y are maximal cliques andŪ ⊆ X ∪ Y .
Proof. Observe first that any node x ′ ∈ U 1 \ {x} is adjacent to x, otherwise (v 1 : v 0 , x, x ′ ) would be a claw. It follows that we haveŪ 1 ⊆ U 1 ⊆ X and, by a similar argument,Ū 3 ⊆ Y . SinceŪ 2 =Ū 4 =Ū 5 = ∅, we haveŪ ⊆ X ∪ Y . Assume now, by contradiction, that X is not a clique and contains two non-adjacent nodes z and z ′ . Letx be a node in N (x) ∩ N 2 (R). Since x is adjacent to every node in X we have z = x = z ′ , zx ∈ E and z ′ x ∈ E. We have that either z or z ′ is adjacent tox (otherwise (x : z, z ′ ,x) would be a claw). Assume, without loss of generality, zx ∈ E. We have zv 3 / ∈ E (otherwise (z : v 1 , v 3 ,x) would be a claw) and zv 5 / ∈ E (otherwise (z : v 2 , v 5 ,x) would be a claw). It follows that z ′ is adjacent to both
) is a claw in G, a contradiction. Hence X is a clique and, by a similar argument, Y is a clique. Moreover, X and Y are maximal, since any node not in X is not universal to {x, v 1 , v 2 } ⊆ X and any node not in Y is not universal to {y, v 3 , v 4 } ⊆ Y . End of Claim (1.i).
SinceŪ 1 is non-empty we have X 2 = ∅.
Claim (1.ii). Let u ∈ V 1 and v ∈ V 2 be adjacent nodes. Then either u ∈ X 1 and v ∈ X 2 or u ∈ Y 1 and v ∈ Y 2 .
Proof. Observe first that v belongs toŪ . In fact, if v / ∈Ū we have v / ∈ N [R] and hence u / ∈ R. Since u ∈ N (R), by claw freeness we have |N (u) ∩ R| = 2, contradicting the assumption that u / ∈Ū . By Claim (1.i) and definition of (V 1 , V 2 ), we haveŪ ⊆ X 2 ∪ Y 2 . Since v belongs toŪ , it is adjacent to a node t ∈ N 2 (R). Assume, without loss of generality, that v belongs to X 2 and hence that
Moreover, u is adjacent to both v 1 and v 2 (otherwise either (v : u, t, v 1 ) or (v : u, t, v 2 ) would be a claw) and hence it is not adjacent to x. But u is not universal to {v 3 , v 5 } (otherwise (u : v, v 3 , v 5 ) would be a claw) and hence either (v 1 : u, v 5 , x) or (v 2 : u, v 3 , x) is a claw in G, a contradiction. It follows that u belongs to X ∩ V 1 = X 1 as claimed. End of Claim (1.ii).
Claim (1.iii). There exists a node
Proof. We claim that each edge uv with u ∈ X 1 and v ∈ X 2 is not rigid in G. Suppose the contrary and let t,t be non-adjacent nodes universal to {u, v}. By claw-freeness, either t ort belongs to X. Without loss of generality, we can assumē t ∈ X. If t belongs to V 1 , since v ∈ X 2 and tv ∈ E we have, by Claim (1.ii), t ∈ X 1 . If, conversely, t belongs to V 2 , since u ∈ X 1 and tu ∈ E we have t ∈ X 2 . In both cases t ∈ X, contradicting the assumption tt / ∈ E. It follows that X is a soft clique. Since, by hypothesis, every maximal clique in G − V (M ) is rigid, we have that X contains a node z ∈ V (M ). Letz be the node matched to z by M . Since zz is strongly bisimplicial, we have thatz / ∈ X (otherwise both z andz would be adjacent to v 1 ) and, by Lemma 62, we have that z is not adjacent to a node z ′ ∈ V (M ) \ {z}. It follows that X ∩ V (M ) = {z}. We have z ∈ N (R) and z / ∈ N (R), hence z ∈Ū . It follows that z belongs to X 2 and, since X \ V (M ) is rigid and any edge with an endpoint in X 1 and the other in X 2 is not rigid we have X \ V (M ) ≡ X \ {z} = X 1 and X 2 = {z}. Analogously, if Y is non-empty then it is a soft clique, contains a unique node q ∈ V (M ) and has the property that
Letz be the node matched to z by M and, if Y = ∅, letq be the node matched to q by M . By the above claims, any path connecting a node u ∈ V 1 with a node v ∈ V 2 must contain either the edge zz or the edge qq. It follows that V 1 ∪ X 2 ∪ Y 2 is a connected component of G − M and hence coincides with C.
Claim (1.iv). Each node
Proof. Lett be the node matched by M to t.
Observe that the neighborhood of any node in V (M ) does not contain an induced P 3 . Hence, since each node in N [R] \ U contains an induced P 3 in its neighborhood, we have t ∈ U . Finally, sincet does not belong to N [R], we have t ∈Ū as claimed.
End of Claim (1.iv).
By the above claim C ∩V (M ) ⊆Ū. On the other hand, by Claims (1.i) and (1.iii), U ⊆ C ∩ V (M ), so we have C ∩ V (M ) =Ū . In particular, we haveŪ = X 2 ∪ Y 2 and, by Claim (1.iii), X 2 = {z} and Y 2 is either empty or consists of {q} (z = q). The theorem follows. End of Case (1).
Case (2) . Both U i and U i+1 are non-empty for some i = 1, . . . , 5.
Assume, without loss of generality, that U 3 and U 4 are non-empty and let u 1 ∈ U 3 and u 2 ∈ U 4 . By claw-freeness u 1 is adjacent to u 2 inḠ (otherwise (v 4 : v 0 , u 1 , u 2 ) would be a claw) and, consequently, the node-set H = {v 0 , v 1 , . . . , v 5 , u 1 , u 2 } induces a gear inḠ with v 4 hub of the 5-wheel (
Observe that the edges u 1 v 4 and u 2 v 4 are rigid, so u 1 and u 2 belong to the rigid subgraph containing v 4 and hence to C.
By claw-freeness, every node u ∈ N 2 (H) is adjacent to a node ofT . Moreover, since G is connected, we have that ifT is empty then V = N [H]. The following claim describes some properties of T .
Claim (2.i). Each node z ∈ V (M )
Proof. The fact that each node z ∈ V (M )
Claim (2.ii). X and Y are maximal cliques and T ⊆ X ∪ Y .
Proof. We first prove that T ⊆ X ∪ Y . Let u be a node in T . By Claim (2.i), we have that either
It follows that u belongs either to X or to Y (not both) and hence that T ⊆ X ∪ Y .
We now prove that X is a maximal clique. Suppose first that both X and Y are non-empty and assume, by contradiction, that X is not a clique and contains two non-adjacent nodes z and z ′ . Since x is adjacent to every node in X we have z = x = z ′ , zx ∈ E and z ′ x ∈ E. Moreover, x is non-adjacent to R (it is adjacent only to u 1 and u 2 in H). It follows, by claw-freeness, that z and z ′ are adjacent to at most two (consecutive) nodes of R and hence that neither z nor z ′ are adjacent to v 0 (otherwise, again by claw-freeness, they should be adjacent to at least three consecutive nodes of R). We have that either z or z ′ must be adjacent to v 4 (otherwise (u 1 : z, z ′ , v 4 ) would be a claw) but not both (otherwise (v 4 : z, z ′ , v 0 ) would be a claw). Moreover, either z or z ′ (but not both, as above) must be adjacent to v 3 (otherwise (u 1 : z, z ′ , v 3 ) would be a claw) and v 5 (otherwise (u 1 : z, z ′ , v 5 ) would be a claw). Assume, without loss of generality, that z is adjacent to v 3 and v 4 and not adjacent to v 5 while z ′ is adjacent to v 5 and not adjacent to v 3 and v 4 . The node z ′ is adjacent to v 1 (otherwise (v 5 : v 1 , v 4 , z ′ ) would be a claw) and hence . We now show that in the first case we get a contradiction and omit an analogous proof for the second case.
Assume, by contradiction, that X is not a clique and contains two non-adjacent nodes z and z ′ (z = x = z ′ ). We have that v 3 is adjacent either to z or to z ′ (otherwise (u 1 : z, z ′ , v 3 ) would be a claw). Analogously, v 5 is adjacent either to z or to z ′ (otherwise (u 2 : z, z ′ , v 5 ) would be a claw). Moreover, z is not adjacent to both v 3 and v 5 (otherwise (z : x, v 3 , v 5 ) would be a claw). A similar argument shows that z ′ is not adjacent to both v 3 and v 5 . Hence, without loss of generality, we can assume zv 3 ∈ E and zv 5 ∈ E.
Letx be a node in X ∩T . Observe that N (x) ∩ R ′ = {u 1 , u 2 }, in particularx is non-adjacent to v 3 and v 5 so z =x = z ′ . If zx / ∈ E we have zv 3 ∈ E (otherwise (u 1 :x, v 3 , z) would be a claw) and zv 5 ∈ E (otherwise (u 2 :x, v 5 , z) would be a claw). But then (z : x, v 3 , v 5 ) is a claw, a contradiction. It follows zx ∈ E and, by a similar argument, z ′x ∈ E.
Let q be a node in
. We have that either zq or z ′ q belongs to E (otherwise (x : q, z, z ′ ) would be a claw). But if zq ∈ E then (z : u 2 , v 3 , q) is a claw and if z ′ q ∈ E then (z ′ : u 1 , v 5 , q) is a claw. In both cases we have a contradiction.
We have thus proved that X is a clique. Since each node which does not belong to X is non-adjacent to either x or u 1 or u 2 it is also maximal. An analogous argument shows that Y is a maximal clique. End of Claim (2.ii).
IfT is non-empty then either X 2 or Y 2 (or both) are non-empty.
Claim (2.iii)
. Let u ∈ V 1 and v ∈ V 2 be adjacent nodes. Then either u ∈ X 1 and v ∈ X 2 or u ∈ Y 1 and v ∈ Y 2 .
Proof. Observe first that v belongs toT . In fact, if v / ∈T we have v / ∈ N [H] and hence u / ∈ H. Since u ∈ N (H), by claw freeness |N (u) ∩ H| = 2, contradicting the assumption that u / ∈T . By Claim (2.ii) we have T ⊆ X ∪ Y and, by definition of (V 1 , V 2 ), we haveT ⊆ X 2 ∪ Y 2 . Since v belongs toT , it is adjacent to a node t ∈ N 2 (H). Assume, without loss of generality, that v belongs to Y 2 and hence that
and hence u / ∈ {y, v 1 , v 2 }. Moreover, u is adjacent to both v 1 and v 2 (otherwise either (v : u, t, v 1 ) or (v : u, t, v 2 ) would be a claw) and hence it is not adjacent to y. Proof. We claim that each edge uv with u ∈ X 1 and v ∈ X 2 is not rigid in G. Suppose the contrary and let t,t be non-adjacent nodes universal to {u, v}. We can assume t ∈ N (X) andt ∈ X. If t belongs to V 1 we have, by Claim (2.iii), t ∈ X 1 . If, conversely, t belongs to V 2 we have t ∈ X 2 . In both cases t ∈ X, contradicting the assumption that t ∈ N (X). It follows that X is a soft clique. Since, by hypothesis, every maximal clique in G − V (M ) is rigid, we have that X contains a node z ∈ V (M ). Letz be the node matched to z by M . By Claim (2.i), z belongs to T . Ifz belonged to N (H) it should belong, by the same claim, to T , contradicting the hypothesis that zz ∈ M and is strongly bisimplicial. It follows thatz / ∈ N (H) and hence that z ∈T andz ∈ N 2 (H). Moreover, hypothesis, we have that z is not adjacent to a node z ′ ∈ V (M ) \ {z} only if both nodes belong to an M -clique. Since C is not an M -clique, it follows that X ∩ V (M ) = {z} and that the clique X \ {z}, which is maximal in G − V (M ), is rigid. Since each edge uv with u ∈ X 1 and v ∈ X 2 is not rigid we have that X \ {z} = X 1 and X 2 = {z}. Analogously, Y is a soft clique, contains a node q ∈ V (M ) and has the property that Y \ {q} is rigid and Y 2 = {q}. End of Claim (2.iv).
Claim (2.v). T =T = {q, z}.
Proof. We only prove that T ∩ X = {z}, the proof that T ∩ Y = {q} is analogous. Let u be a node in (T ∩ X) \ {z} and letz be the node matched to z by M . The node u is different from z since z belongs toT . By Claim (2.iv), the clique X \ {z} is rigid and hence at least one edge uv with v ∈ X \ T is rigid (both T ⊇ {u, z} and X \ T are non-empty). Since uv is rigid, there exist two non-adjacent nodes nodes q andq universal to {u, v}. Since both u and v are adjacent to z and zz is strongly bisimplicial, we have that q,q =z. Moreover, since N [z] \z is a clique, we have that either q orq does not belong to N [z].
Suppose, without loss of generality, that q / ∈ N [z] and hence that q ∈ N (X \ {z}). Since v ∈ X \ T , we have that v is adjacent to {z, u 1 , u 2 } and is either adjacent to three consecutive nodes of R ′ (including u 1 and u 2 ) or belongs to U 3 ∪ U 4 . In the first case, by claw-freeness, v is either adjacent to v 3 or v 5 but not both (otherwise (v : z, v 3 , v 5 ) would be a claw). In the second case we have two subcases: either (1) v ∈ U 3 , vv 3 ∈ E if (otherwise (v : z, v 3 , q) would be a claw) and vv 5 / ∈ E (otherwise (v : u, v 3 , v 5 ) would be a claw); or (2) v ∈ U 4 , vv 5 ∈ E (otherwise (v : z, v 5 , q) would be a claw and vv 3 / ∈ E (otherwise (v : u, v 3 , v 5 ) would be a claw).
The symmetry of the last two subcases allows us to assume, without loss of generality, that vv 3 ∈ E and vv 5 / ∈ E. Since qz / ∈ E and zv 3 / ∈ E we have that qv 3 ∈ E (otherwise (v : z, v 3 , q) would be a claw). It follows that qv 5 / ∈ E (otherwise (q : u, v 3 , v 5 ) would be a claw) and qv 1 / ∈ E (otherwise (q : u, v 3 , v 1 ) would be a claw).
If qv 0 ∈ E we have, by claw-freeness, that q must be adjacent to three consecutive nodes of R. Since q is not adjacent to v 1 and v 5 , it must be adjacent to v 2 , v 3 and v 4 . But then (q : u, v 2 , v 4 ) is a claw (N (u) ∩ R = ∅), a contradiction. It follows that qv 0 / ∈ E. By claw-freeness, q must be adjacent to at least two consecutive nodes of R ′ . Since qv 3 ∈ E and qv 0 / ∈ E we have that qu 1 ∈ E. Moreover, we have that qv 4 ∈ E (otherwise (u 1 : q, z, v 4 ) would be a claw) and qu 2 ∈ E (otherwise (v 4 : q, u 2 , v 0 ) would be a claw). But then (u 2 : q, z, v 5 ) is a claw, a contradiction.
End of Claim (2.v).
By Claim (2.iv) X 2 = {z} and Y 2 = {q} (z = q). Moreover, by Claim (2.v), we have that T =T = {q, z}. It follows that
The theorem follows. End of Case (2) .
⊓ ⊔
The above results suggest a procedure for obtaining a quasi-line graph (and corresponding weighting vector) from a claw-free graph G(V, E) (with α(G) ≥ 4) with weighting vector w. In fact, we can first list all the maximal soft cliques of G and lift them, obtaining a claw-free graph Let H be the graph obtained in this way and let w H be the corresponding weighting vector. By Theorem 65 each non-regular node of
Hence H is quasiline. Moreover the above results imply that H and w H can be obtained in O(|V | 2 ) time. In the following sections we concentrate on (connected) quasi-line graphs and show how to transform them into graphs with an even simpler structure. As a consequence we will show that the the MWSS problem in a claw-free graph G(V, E) can be solved in O(|V | 2 log(|V |)) time. Proof. By Theorem 53 the normal cliques of G belong to C ∪ F , where F is the family of the free components of G with respect to S and C is any S-cover of G.
We first let L = C ∪ F . By Theorem 52 C ∪ F can be constructed in O(|V | 2 ) time; moreover observe that C ∪ F contains O(|V |) elements. Then, in overall time O(|V | 2 ), we construct the list {L u : u ∈ V }, where L u is the family of cliques in L containing the node u and the list {L st : s, t ∈ S}, where L st is the family of free components in L intersecting only the two similarity classes F (s) and F (t). Moreover, again in overall time O(|V | 2 ), we record for each v ∈ V and each free component Q intersecting two similarity classes (Q ∈ L st ) whether v is universal, null or neither to Q i = Q ∩ F (i) (i = s, t).
Observe now that each free component in L intersecting three or more free similarity classes is normal and, by Corollary 31, weakly normal. It follows that the free components in L which are not weakly normal (and can be removed) intersect exactly two similarity classes. The following claim characterizes the weakly normal free components intersecting two free similarity classes (equivalently, belonging to some wing).
Claim (i).
A free component Q ∈ L st is not weakly normal if and only if there exists a bound node x ∈ W (s, t) adjacent to some node z ∈ Q s and to some node v ∈ Q t and a node y ∈ (N (s) ∪ N (t)) \ Q adjacent either to z or to v and non-adjacent to x.
Proof. If there exist a bound node x ∈ W (s, t) and a node y ∈ (N (s) ∪ N (t)) \ Q both adjacent to a node z ∈ Q with xy / ∈ E then Q is trivially not weakly normal.
On the other hand, if Q is not weakly normal then there exist two nodes x and y not in Q having a common neighbor z in Q. Without loss of generality, assume z ∈ Q s . Moreover, if both x and y are non-adjacent to some node v ∈ Q t , then (z : v, x, y) is a claw, a contradiction. Hence, without loss of generality, we can assume that x is adjacent to v. If x is free then either xz or xv is an edge in the free dissimilarity graph and x belongs to Q, a contradiction. It follows that x is bound and, since it is adjacent to z ∈ F (s) and v ∈ F (t), by claw-freeness it must be adjacent to both s and t and so belongs to W (s, t). Now, if y is non-adjacent to v then it must be adjacent to s (otherwise (z : s, y, v) would be a claw in G).
On the other hand, if y is adjacent to v the same argument used for x shows that y is a bound node in W (s, t). In both cases y belongs to (N (s) ∪ N (t)) \ Q and the claim follows.
End of Claim (i).
Claim (ii). If |L st | ≥ 2 then a free component Q ∈ L st is not weakly normal if and only if there exists a bound node x ∈ W (s, t) adjacent to both Q s and Q t .
Proof. Assume first that Q is not weakly normal. By Claim (i) there exists a bound node x ∈ W (s, t) adjacent to some node z ∈ Q s and to some node v ∈ Q t , so the claim follows.
Suppose now that there exists a bound node x ∈ W (s, t) adjacent to a node z ∈ Q s and a node v ∈ Q t . Let Q ′ = Q be another clique of L st and let y ∈ Q ′ be a node non-adjacent to x. Such a node exists because, otherwise, Q ′ would not be maximal. Without loss of generality, assume y ∈ Q ′ s . Since y and z belong to F (s) we have that z ∈ Q is a common neighbor of x, y ∈ N (Q), hence Q is not weakly normal and the claim follows.
End of Claim (ii).
Remove now from L all the free components Q ∈ L st with |L st | ≥ 2 and such that there exists a bound node x ∈ W (s, t) adjacent to both Q s and Q t . By Claim (ii), we have that L still contains all the weakly normal cliques in C ∪ F . Observe that the above eliminations can be carried out in overall time O(|V | 2 ). Now, let N Size be a matrix such that, for each node u ∈ V and each clique Q ∈ L, N Size[u, Q] is the number of nodes in N (u) ∩ Q. 
Claim (iii)
.
End of Claim (iv).
Now, to complete the construction we have to remove the remaining cliques in L which are not weakly normal. In particular, since we have removed from L all the free components in L st with |L st | ≥ 2 for each wing W (s, t), each free component in L which is not weakly normal is contained in some wing W (s, t) satisfying |L st | = 1. By Claim (i) one such clique Q is not weakly normal if and only if there exists a bound node x ∈ W (s, t) and a non-adjacent node y ∈ (N (s)∪N (t))\Q with a common neighbor in Q. Hence, to remove such cliques we do the following. For each bound node x contained in some wing W (s, t) we check whether |L st | = 1. If this is the case, letting L st = {Q}, we check whether N Size[x, Q] + N Size[y, Q] > |Q| for some node y ∈ (N (s) ∪ N (t)) \ Q which is non-adjacent to x. By Claim (iv), the non-adjacent nodes x, y ∈ N (Q) have a common neighbor in Q if and only if N Size[x, Q] + N Size[y, Q] > |Q|, so by such procedure we can find (and remove form L) all the remaining free components which are not weakly normal. Moreover, it is easy to observe that the above computations can be carried out in overall time O(|V | 2 ).
Finally, to remove the cliques in L ∩ C which are not weakly normal we check, for each pair of non-adjacent nodes x, y ∈ V , whether they have a common neighbor in some clique Q ∈ C not containing x and y and, in such a case, remove Q from L. To assess the complexity of this operation suppose first that both x and y are bound and belong, respectively, to the possibly coincident wings W (s, t) and W (u, v). Assume that there exists a clique Q ∈ C containing a common neighbor q of x and y. Let z be the node in Q∩S and observe that z is in {s, t, u, v}, otherwise (q : x, y, z) would be a claw in G. It follows that Q belongs to one of the pairs Theorem 72 Let G(V, E) be a quasi-line graph, S a canonical stable set of G, Q a weakly normal clique in G and x, y ∈ Q the base of a Q-paw. Then either (a) x and y belong to a common wing W (q, s) and are similar; or (b) x and y belong to a common wing W (q, s), one of them is bound, the other is free and F (q) \ Q is empty; or (c) {x, y} = {u, v} with u ∈ S, v bound in W (u, r) with
Proof. Let (x, y : z, h) be the Q-paw whose base is {x, y} and z belongs to N (Q). By Theorem 53 either Q belongs to F or belongs to a pair (Q, Q) of maximal cliques covering N [s], with s ∈ Q ∩ S.
Assume first Q ∈ F so that x and y are free nodes. We have that S ∩ N (Q) contains at least two nodes, since otherwise the unique stable node in N (Q) would be universal to Q, contradicting its maximality. If x and y are adjacent to the same stable node q then they belong to the wing W (q, s), with s ∈ S ∩ N (Q) \ {q} and are similar. It follows that (a) applies and we are done. Hence, by contradiction, assume S(x) = S(y). Let s = S(x) and t = S(y). Since Q is weakly normal we have tz ∈ E and sz ∈ E. Moreover, ht ∈ E (otherwise (z : h, t, x) would be a claw) and hs ∈ E (otherwise (z : h, s, y) would be a claw). But then (z : h, s, x, y, t) is a 5-wheel, a contradiction. Assume now that Q contains a stable node q and let Q be a maximal clique such that N [q] ⊆ Q ∪ Q. Hence, we let Q ≡ C q and Q ≡ C q . Suppose first that q / ∈ {x, y}. If x, y belong to a common wing and are similar then (a) is satisfied and we are done. If x, y belong to a common wing W (q, s) and are not similar then one of them, say x, is bound and the other is free. If F (q) \ C q is empty, then (b) is satisfied and we are done. If, conversely, F (q) \ C q = ∅, let p be a free node in C q \ {q}. Since p belongs to F (q) and S is canonical, p is adjacent to y. We have that xp / ∈ E, otherwise s and p would be non-adjacent nodes with a common neighbor x ∈ C q and would contradict the hypothesis that C q is weakly normal. It follows that p = z (since z is adjacent to x) and that zp ∈ E, otherwise the non-adjacent nodes z and p and their common neighbor y ∈ C q would contradict the hypothesis that C q is weakly normal. Analogously, zs ∈ E, otherwise the non-adjacent nodes z and s and their common neighbor x ∈ C q would contradict the hypothesis that C q is weakly normal. Finally, hs ∈ E (otherwise (z : h, s, y) would be a claw) and hp ∈ E (otherwise (z : h, p, x) would be a claw). But then (z : h, p, y, x, s) is a 5-wheel, a contradiction. If x and y do not belong to a common wing, since N (x) \ C q and N (y) \ C q are both non-empty (they contain z) we have that x and y belong to different wings W (q, s) and W (q, t), respectively, with q = s, t. By symmetry, we have to consider three cases: (i) x ∈ N (s) and y ∈ N (t), (ii) x ∈ N (s) and y / ∈ N (t), (iii) x / ∈ N (s) and y / ∈ N (t). Case (i). Since C q is weakly normal we have that sz ∈ E and tz ∈ E and, consequently, that hs ∈ E (otherwise (z : y, s, h) would be a claw) and ht ∈ E (otherwise (z : x, t, h) would be a claw). Observe that sy / ∈ E and tx / ∈ E by claw-freeness and hence (z : h, s, x, y, t) is a 5-wheel in G, a contradiction. Case (ii). In this case y is a free node in C q . Since y / ∈ I(q) it belongs to O(q) ∩ C q and hence there exists a free node x adjacent to y and t. Observe that xx / ∈ E (otherwise (x : q, s, x) would be a claw). Since C q is weakly normal, we have that sz ∈ E and xz ∈ E. Moreover, since y is free and adjacent to q, we have sy / ∈ E and hence sh ∈ E, otherwise (z : s, y, h) would be a claw in G. Finally, hx ∈ E (otherwise (z : x, x, h) would be a claw in G) and sx / ∈ E (since x is free and adjacent to t = s). But then (z : h, s, x, y, x) is a 5-wheel in G, a contradiction. Case (iii). In this case both x and y are free nodes. It follows that both x and y belong to O(q) ∩ C q and that there exist two free nodes y ∈ N (x) ∩ N (s) and x ∈ N (y) ∩ N (t). Observe that yy / ∈ E (since y does not belong to the wing W (q, s)). If either xx ∈ E or xy ∈ E then the nodes x, y, x, y would belong to the same connected component H of the free dissimilarity graph G F . But H intersects the free similarity classes of s, q and t and hence, by Theorem 21, the nodes x, y, x, y induce a clique, contradicting the fact that yy / ∈ E. It follows that xx / ∈ E and xy / ∈ E. Since C q is weakly normal we have that xz ∈ E and yz ∈ E. Moreover, xh ∈ E (otherwise (z : h, x, x) would be a claw) and yh ∈ E (otherwise (z : h, y, y) would be a claw). But then (z : h, y, x, y, x) is a 5-wheel in G, a contradiction.
Consider now the case q ∈ {x, y} and, without loss of generality, let q ≡ x. Since y / ∈ I(x) (it is adjacent to z / ∈ Q) we have that y belongs to some wing W (x, r). Suppose first that y is bound. If N (r) ⊇ N (x) \ Q (c) applies and we are done. Otherwise, let p be a node in N (x) \ Q which does not belong to N (r). Since Q is weakly normal, we have zr ∈ E and yp / ∈ E (otherwise p and r would be nonadjacent nodes in N (Q) with the common neighbor y ∈ Q). It follows that z = p, zp ∈ E (since Q is weakly normal) and hp ∈ E (otherwise (z : h, p, y) would be a claw). Moreover, we have that hr ∈ E (otherwise (z : h, r, x) would be a claw). But then (z : h, r, y, x, p) is a 5-wheel in G, a contradiction.
Suppose now that y is free. If W (x, r) ⊇ N (x) \ Q (d) applies and we are done. Otherwise, let p be a node in N (x) \ Q which does not belong to W (x, r). Since y ∈ W (x, r), the node y is adjacent to a node y ∈ F (r). If yp ∈ E then p is either a bound node adjacent to r or a free node in O(x). In both cases it would belong to W (x, r), contradicting the assumption. It follows that yp / ∈ E and hence yp / ∈ E for, otherwise, p and y would be non-adjacent nodes in N (Q) with the common neighbor y ∈ Q contradicting the hypothesis that Q is weakly normal. For the same reason zy ∈ E and, consequently, hy ∈ E (otherwise (z : x, y, h) would be a claw). Moreover, since yp / ∈ E and zy ∈ E we have z = p and zp ∈ E (since Q is weakly normal). Finally, hp ∈ E (otherwise (z : h, y, p) would be a claw). But then (z : h, y, y, x, p) is a 5-wheel in G, a contradiction. The theorem follows. ⊓ ⊔ Theorem 73 Let G(V, E) be a quasi-line graph and S a canonical stable set of G. Then a weakly normal free component Q of G is liftable with respect to the partition
Since Q is weakly normal the theorem will follow by showing that also conditions (ii) and (iii) of Definition 44 are satisfied. Assume first that there exist an edge xy with
which is the base of a Q-paw (x, y : z, h). Since x and y are both free nodes, by Theorem 72 x and y must satisfy Condition (a). But this is impossible since S(x) = S(y). It follows that condition (ii) is satisfied. Assume now that there exists a triangle {x, y, z} with
having a common neighbor h ∈ N (Q). Since x, y and z are dissimilar, we have h / ∈ {q i , q j , q k }; moreover, since Q is weakly normal, we have hq i ∈ E (otherwise h and q i are non-adjacent nodes in N (Q) having the common neighbor x ∈ Q). Analogously, we also have hq j ∈ E and hq t ∈ E. But then (h : q i , q j , q t ) is a claw in G, a contradiction. Hence condition (iii) is also satisfied and the theorem follows.
⊓ ⊔ Definition 71 Let G(V, E) be a quasi-line graph and S a canonical stable set in G. Let M ⊆ E be an S-matching of G. A lifting G (Q,K) of G with respect to a weakly normal free component Q and partition K is said to be a free component lifting if and only if Q is not an M -clique and
Theorem 74 Let G(V, E) be a connected claw-free graph, let S be a canonical stable set of G and M ⊆ E be an S-matching of G. Let G (Q,K) be a free component lifting of G with respect to Q and K and let S (Q,K) be the extension of S. Then any weakly normal free component of G (Q,K) with respect to S (Q,K) which is not the lifting clique is a weakly normal free component of G with respect to S while any weakly normal free component of G with respect to S which is not Q is a weakly normal free component of G (Q,K) with respect to S (Q,K) .
Proof. By Definition 71, Q is not an M -clique and K = {N (s i )∩Q : s i ∈ N (Q)∩S}. Let Q ′ be a weakly normal free component in G (Q,K) with respect to S (Q,K) which is not the lifting clique. It is easy to see that Q ′ does not contain lifting nodes. Moreover, since by Definition 48 the nodes in K i = N (s i ) ∩ Q are bound with respect to S (Q,K) in G (Q,K) , Q ′ does not intersect the set Q. Observe that any edge added or removed by the lifting operation has the endpoints which are either lifting nodes or belong to Q. Consequently, any edge in G (Q,K) with one endpoint in Q ′ is also an edge in G. It follows that Q ′ is a maximal clique in G, contains only free nodes with respect to S and satisfies
′ is a free component of G with respect to S and, by Theorem 41, is also weakly normal in G.
Assume now that Q
′ is a weakly normal free component in G with respect to S different from Q and, by contradiction, it is not a weakly normal free component in G (Q,K) . Observe that Q and Q ′ have empty intersection and by the same argument used above Q ′ is not adjacent to any lifting node and is a free component in G
with respect to S (Q,K) . It follows that Q ′ is not weakly normal in G (Q,K) and hence there exists in G (Q,K) two non-adjacent nodes x, y / ∈ Q ′ with a common neighbor z ∈ Q ′ . Observe that, since Q ′ is not adjacent to any lifting node, we have x, y ∈ V . Moreover, the edges xz and yz are not added by the lifting operation and, since Q ′ is weakly normal in G, x and y are adjacent in G. But then we have (without loss of generality) x ∈ N (s 1 ) ∩ Q and y ∈ N (s 2 ) ∩ Q. However, since x and z (y and z) belong to different components of the free dissimilarity graph of G with respect to S, we have x ∼ z ∼ y contradicting the fact that the nodes in K 1 are dissimilar from the nodes in K 2 . The theorem follows.
⊓ ⊔ Definition 72 Let G(V, E) be a quasi-line graph, S a canonical stable set and Q a clique in G containing a stable node q. Then a wing W (q, r) satisfying W (q, r) ⊇ N (q) \ Q and containing two adjacent nodes x ∈ Q \ {q} and y ∈ N (q) \ Q is said to be a polar wing of Q and the stable node r a polar node of Q. ⊓ ⊔ Theorem 75 Let G(V, E) be a quasi-line graph and S a canonical stable set. If Q is a weakly normal clique containing a stable node q then there exists at most one polar wing of Q.
Proof. Assume by contradiction that there exist two polar wings W (q, r) and W (q, r ′ ) of Q. Since each bound node in N (q) \ Q is contained in a single wing, we have that each node in N (q) \ Q is free. Since W (q, r) is a polar wing of Q, we have that there exist two adjacent nodes z ∈ N (q) \ Q and z ′ ∈ Q ∩ W (q, r). Suppose that z ′ is a bound node and let t be the stable node in S \ {s} adjacent to z ′ . But then z and t are non-adjacent nodes in N (Q) with a common neighbor z ′ ∈ Q contradicting the assumption that Q is weakly normal. It follows that z ′ is a free node in Q. But then N (z ′ ) ⊇ N (q) contradicting the assumption that S is a canonical stable set.
⊓ ⊔ Definition 73 Let G(V, E) be a quasi-line graph, S a canonical stable set and C an S-cover of G. Let C q be a clique in C, let W (q, r) be the polar wing of C q (if it exists) and let W (q, s i ) (s i = r, i = 1, . . . , p) be the non-polar wings intersecting C q . Then the partition K of C q defined as:
is said to be the S-partition of C q .
Theorem 76 Let G(V, E) be a quasi-line graph, S a canonical stable set and C an S-cover of G. Let C q ∈ C be a weakly normal clique not intersecting a normal free component. Then C q is liftable with respect to the S-partition K.
Proof. Since C q is weakly normal the theorem will follow by showing that also the second and third conditions of Definition 44 are satisfied. Let K i be a set in the partition K of C q . First, we claim that any edge xy with x ∈ K i and y ∈ C q \ K i is not the base of a C q -paw (x, y : z, h). In fact, if K i = C q (s i ) for s i = r, i = 1, . . . , p, then conditions (a) and (b) of Theorem 72 are not satisfied since x and y do not belong to the same wing. Moreover, condition (c) of Theorem 72 is also not satisfied. In fact, otherwise, y ≡ q, each node in N (q) \ C q would be bound and would belong to the wing W (q, s i ). Moreover, the node h would belong to N (q) \ C q and would be adjacent to x, implying that W (q, s i ) is the polar wing of C q and contradicting the assumption that s i = r. Finally, condition (d) of Theorem 72 is also not satisfied since x is neither stable nor free.
Assume now that K i = C q (r)∪{q}∪I(q). Conditions (a) and (b) of Theorem 72 are not satisfied since x and y do not belong to the same wing. Moreover, conditions (c) and (d) of Theorem 72 are also not satisfied. In fact, otherwise, x ≡ q and each node in N (q) \ C q would belong to the wing W (q, s j ) containing y (s j = r). Moreover, the node h would belong to N (q) \ C q and would be adjacent to y, implying that W (q, s j ) is the polar wing of C q and contradicting the assumption that s j = r.
Assume now that
If condition (a) of Theorem 72 were satisfied then x would be a bound node in W (q, r) and y would be similar to x. But this is impossible, since y does not belong to W B (q, r). Moreover, conditions (b) and (c) of Theorem 72 are not satisfied either, since F (q) \ C q is not empty while condition (d) of Theorem 72 is not satisfied since x is neither stable nor free. Finally, assume that K i = (C q ∩W F (q, r))∪{q}∪I(q). In this case (again case (ii)) F (q) \ C q = ∅. Condition (a) of Theorem 72 is not satisfied since either x and y do not belong to the same wing or they are not similar. Moreover, conditions (b) and (c) of Theorem 72 are not satisfied either, since F (q) \ C q is not empty while condition (d) of Theorem 72 is not satisfied since y does not belong to
Hence, we have shown that the second condition of Definition 44 is satisfied. To complete the proof, we have to show that also the third condition is satisfied.
be three nodes in C q and assume, by contradiction, that they have a common neighbor h in N (C q ). If q belongs to K i ∪ K j ∪ K t assume, without loss of generality, q ∈ K i . In any case, y and z belong to different partial wings C q (s j ) and C q (s t ) (possibly r ∈ {s j , s t }), respectively. If y is a bound node, letȳ ≡ s j , otherwise letȳ be a free node in N (y) ∩ N (s j ). Analogously, letz be either s t (if z is a bound node) or a free node in N (z) ∩ N (s t ). Observe thatȳ andz are non-adjacent. In fact, this is clear if at least one of them is a stable node; if bothȳ andz are free and adjacent then y, z,ȳ,z would belong to a free component intersecting at least three similarity classes which, by Theorem 21 would be a normal clique, contradicting the assumption that C q does not intersect a normal free component. Moreover,ȳ andz are non-adjacent to x. In fact, assume by contradictionȳx ∈ E (zx ∈ E). Ifȳ (z) belongs to S then x and y (x and z) are a pair of similar bound nodes belonging to different sets of the partition K. But it is easily seen that this is impossible. On the other hand, ifȳ is a free node in N (y) ∩ N (s j ) (z is a free node in N (z) ∩ N (s t )) then, contrary to what we proved above, the second condition of Definition 44 is violated by the paw (x, y :ȳ, s j ) ((x, z :z, s t )). Finally, since C q is weakly normal,ȳ andz are both adjacent to h. But then (h : x,ȳ,z) is a claw in G, a contradiction. The theorem follows. Definition 75 Let G(V, E) be a quasi-line graph, S a canonical stable set, C an S-cover of G and M ⊆ E a matching of G. Let C q ∈ C be a weakly normal clique not intersecting a normal free component. If at least two sets in the S-partition K of C q are not contained in V (M ) or |K| ≥ 3 then C q is said to be S-liftable with respect to K (G (C s ,K) is said to be an S-lifting).
In the following two theorems we describe sufficient conditions for a clique in the S-cover to be S-liftable.
Theorem 78 Let G(V, E) be a quasi-line graph, S a canonical stable set in G and M ⊆ E a matching of G. Assume that G is free-lifted with respect to S and M . Let s be a node in S and let C s , C s be any pair of maximal cliques covering Proof. Let W (s, t i ) (i = 1, . . . , p, p ≥ 3) be the wings intersecting N (s). Without loss of generality, we can assume that two of them, say W (s, t 1 ) and W (s, t 2 ), intersect C s .
Claim (i).
For each pair W (s, t i ), W (s, t j ) (i = j) intersecting C s and nodes x, y ∈ N (C s ) \ C s with x ∈ {t i } ∪ W (s, t i ) and y ∈ {t j } ∪ W (s, t j ) we have that x and y are C s -distant.
Proof. Since x, y ∈ N (C s ) \ C s we have that x and y are not bound. If either x = t i or y = t j then x and y are not adjacent and have no common neighbor in C s , so the claim easily follows. If, conversely, both x and y are free, letx andȳ (possibly coincident), be free nodes in C s adjacent to x and y, respectively. If x and y are adjacent we have that x, y,x,ȳ belong to the similarity classes of nodes s, t i and t j . But then, by Theorem 21, they belong to a free component Q which is normal since it contains the net (x, x, y : s, t i , t j ). Moreover, since G is quasi-line, by Corollary 31 Q is weakly normal and, by Theorem 73, is liftable. Since G is free-lifted with respect to S and M we have that Q is contained in V (M ) and N [x] is contained in V (M ). But this contradicts the assumption thatx belongs to the clique C s containing the node s ∈ V \ V (M ). Hence x and y are not adjacent and do not have a common neighbor z ∈ C s (otherwise (z : x, y, s) is a claw). The claim follows.
End of Claim (i).
Let x, y ∈ N (C s )\C s with x ∈ {t 1 }∪W (s, t 1 ) and y ∈ {t 2 }∪W (s, t 2 ). By Claim (i), x and y are C s -distant. Observe that if a node v ∈ C s \C s is adjacent to x (y) then it belongs to W (s, t 1 ) (W (s, t 2 )). Now, if there exists a node z ∈ C s \C s which is nonadjacent to both x and y then, by Theorem 31, C s is normal. If, conversely, every node in C s \ C s is either adjacent to x or to y then C s \ C s ⊆ W (s, t 1 ) ∪ W (s, t 2 ). Since p ≥ 3 there exists a third wing, say W (s, t 3 ). Since G is free-lifted, by Theorem 22 each node in N (s) belongs to at most one wing and hence W (s, t 3 ) does not intersects C s \ C s and, consequently, intersects C s . But then there exists a node z ∈ N (C s ) \ C s with z ∈ {t 3 } ∪ W (s, t 3 ) and, by Claim (i), x, y and z are mutually C s -distant and hence C s is normal.
To complete the proof of the theorem we now show that C s is S-liftable. Let G be a quasi-line graph with canonical stable set S such that G is free-lifted. The following lemma shows that an S-cover of G can be easily updated after an S-lifting.
Lemma 71 Let G(V, E) be a quasi-line graph and S a canonical stable set in G. Let M ⊆ E be an S-matching of G. Assume that G is free-lifted with respect to S and
. . , p} be the set of lifting edges and let Q = {q 1 , . . . , q p } be the corresponding lifting clique (M -clique). Finally let S (C s ,K) and M (C s ,K) be the corresponding extensions of S and M . Then an
can be obtained from C by removing the clique C s and adding the family C ∆ composed by the 2p + 1 cliques Q, K i ∪ {q i } and {q i , q i } (i ∈ {1, . . . , p}).
Proof. Let q h be the unique node in Q ∩ S (C s ,K) and letQ = {q 1 , . . . , q h , . . . , q p } be the set of lifting nodes belonging to S (C s ,K) . Observe that we have s ∈ K h .
We first prove that each edge uv in G removed by the lifting operation is contained in exactly one clique of C, namely C s , possibly coincident with C s . In fact, if uv is contained in a clique C z ∈ C \ {C s , C s }, we have that u and v are similar bound nodes in the wing W (s, z). But it is easy to check that an S-lifting never removes edges between similar bound nodes. If uv is contained in C s = C s , then u, v ∈ C s ∩ C s . It follows that u (v) is not free, since otherwise it would be either a dominating free node (if it is outer free) or a twin of s and in both cases we would have a contradiction. Hence, either u or v (or both) is a bound node. Assume, without loss of generality, that u is a bound node and belongs to some wing W (s, r). Since C s is weakly normal in G, we have that r, u and v are adjacent to every node in C s \ C s = ∅. It follows that r is the polar node of C s and C s \ C s does not contain free nodes. It follows that G (C s ,K) is an S-lifting of type (i) and u, v belong to C s (r) ∪ {s} ∪ I(s) and hence to K h , contradicting the assumption that uv is removed by the lifting operation.
It follows that C s is the only clique in C that is not a clique in G (C s ,K) . The new edges in G (C s ,K) having one endpoint in S (C s ,K) are incident either to s or to some node inQ. It follows that the closed neighborhood in G (C s ,K) of any node u in S (C s ,K) \ ({s} ∪Q) = S \ {s} is covered by the cliques C u , C u in C. Moreover, the closed neighborhood of s in G (C s ,K) is covered by the cliques K h ∪ {q h } and C s , the closed neighborhood of q h is covered by the cliques Q and {q h , q h }. Finally, the closed neighborhood of q i (i ∈ {1, . . . , p} \ {h}) is covered by the cliques K i ∪ {q i } and {q i , q i }. The Lemma follows.
In what follows, we call the
Lemma 72 Let G(V, E) be a connected claw-free graph and let S be a canonical stable set of G. Let M ⊆ E be an S-matching of G. Assume that G is free-lifted with respect to S and M . Let C be an S-cover of G and let G (C s ,K) be an S-lifting of G. If Q is a weakly normal clique in C \{C s } then it is weakly normal in G (C s ,K) .
Proof. Assume that there exists in G a weakly normal clique Q ∈ C \ {C s } which is not weakly normal in G (C s ,K) . Let W (s, r) be the polar wing of C s (if it exists) and let u be the stable node in Q. Let x, y / ∈ Q be two non-adjacent nodes in G
with a common neighbor z ∈ Q. Since Q is weakly normal in G, we have two cases: (a) z is non-adjacent either to x or to y in G; (b) x and y are adjacent in G. In case (a) either x or y (but not both) belongs to {q i : i = 1, . . . , p}. By symmetry we consider only the case x ≡ q 1 . It follows that z belongs to K 1 and hence to C s ∩ Q. If u ≡ s then we have Q ≡ C s and z belongs to C s ∩ C s . Observe that any node in C s ∩ C s is not free, otherwise it would be either a dominating free node or a twin of s and in both cases we would have a contradiction. Consequently, z is a bound node and belongs to some wing W (s, t). Since C s and C s are both weakly normal in G, we have that t must be adjacent to every node in the symmetric difference of C s and C s . Moreover, any other node in (C s ∩ C s ) \ {s} is also a bound node in some wing W (s, t ′ ) with t ′ adjacent to every node in the symmetric difference of C s and C s . It follows, by claw-freeness, that t ≡ t ′ and hence that t is adjacent to every node in N (s). But this implies that C s is not S-liftable, contradicting the assumption. Hence, we can assume u = s.
Observe that y is adjacent to s and hence belongs to C s , since Q is weakly normal in G and both y and s do not belong to Q and are adjacent to z ∈ Q. Analogously, y is adjacent to u, since C s is weakly normal in G and both y and u do not belong to C s and are adjacent to z ∈ C s . It follows that y and z belong to the wing W (s, u). Since C s intersects more than one wing, we have that there exists some node b ∈ C s belonging to a wing W (s, t) (t = u). We have that W (s, t) is not the polar wing, since y ∈ C s does not belong to W (s, t). It follows that b and s belong to different sets of the partition K of C s . But this contradicts the existence of the C s -paw (s, b : y, u).
In case (b) both x and y are not lifting nodes and belong to different sets of the partition K of C s which is defined as in (i) or (ii) of Theorem 76. Moreover, z does not belong to C s , otherwise it would not be adjacent to both x and y in G (C s ,K) . It follows that u coincides with s and hence z belongs to C s , otherwise the C s -paw (x, y : z, u) would contradict the liftability of C s . If both x and y are free, then they belong to different partial wings C s (t 1 ) and C s (t 2 ) and are adjacent to free nodesx ∈ F (t 1 ) andȳ ∈ F (t 2 ), respectively. We claim thatx is not adjacent toȳ. In fact, otherwise,x,ȳ, x, y would belong to a connected component H of the dissimilarity graph of G with respect to S intersecting three similarity classes. This in turn would imply that H is a liftable free component containing two free nodes in C s , contradicting the assumption that G is free-lifted. Since C s is weakly normal in G and x ∈ C s is a common neighbor of z,x / ∈ C s we have that z is adjacent tox. Analogously, we have that z is adjacent toȳ. But then (z : s,x,ȳ) is a claw in G, a contradiction.
It follows that either x or y is bound. Without loss of generality, assume that x is a bound node in some wing W (s, t). Since C s is weakly normal in G and x ∈ C s is adjacent to z, t / ∈ C s we have zt ∈ E. But then z ∈ Q is adjacent to t, y / ∈ Q and, since Q is weakly normal in G, we have yt ∈ E. It follows that also y is a bound node in the wing W (s, t) contradicting the hypothesis that x and y belong to different sets of the partition K of C s . The theorem follows.
To complete the proof of Property (b) we show that each liftable free component
is also a liftable free component in G. To this purpose, observe that H does not contain the nodes q i and q i (i = 1, . . . , p) since it contains only free nodes. As a consequence, H is a clique in G, since the new edges in G (C s ,K) have at least one endpoint in the set {q i , q i : i = 1, . . . , p}. Moreover, by Property (a), the nodes of H are also free in G with respect to S.
Suppose that H intersects more than one connected component of the dissimilarity graph G F of G with respect to S. It follows that there exist nodes x, y ∈ H which are dissimilar in G (C s ,K) (adjacent to different nodes of S (C s ,K) ) but belong to different connected components of G F and hence are similar in G (adjacent to the same node of S). As a consequence one of them, say y, is adjacent to some node q i (i ∈ {1, . . . , p}) in G (C s ,K) and belongs to C s while x is adjacent to s and y both in G and in G (C s ,K) and hence belongs to N (C s ). Since y is not adjacent to s in G (C s ,K) and is free, it belongs to the partial wing K i = C s (t) for some t ∈ S \ {s} and is an outer free node adjacent to a node y ∈ F (t) in G. But then x and y are nodes in N (C s ) with the common neighbor y ∈ C s . If x and y are not adjacent in G then C s is not weakly normal and hence not liftable, a contradiction. It follows that x and y are adjacent in G and dissimilar, so G F contains the path (y, y, x) contradicting the assumption that x and y belong to different connected components of G F . We have thus proved that H is contained in a connected component of G F .
Suppose now that H is not a maximal clique in G and let x be a node universal to H. Since H is maximal in G (C s ,K) there exists a free node y ∈ H which is not adjacent to x in G (C s ,K) . This means that x belongs to K i and y belongs to K j for some pair K i = K j ∈ K and y belongs to F (s) in G. Moreover, since H contains at least two dissimilar nodes, there exists a node y = y in H \ C s adjacent to a node t ∈ S \ {s} both in G and in G (C s ,K) (y belongs to W (s, t) in G). Since x is universal to H in G, the node x is adjacent to y. Moreover, the node s is adjacent to y and non-adjacent to y in G and hence x = s. Now, if x is not adjacent to t then the edge xy is the base of the Q-paw (x, y : y, t), contradicting the assumption that x and y are not adjacent in G (C s ,K) . If, conversely, x is adjacent to t then it is a bound node in W (s, t) in G. Since G (C s ,K) is an S-lifting which separates a free and a bound node in the same wing, it follows that K is defined as in (ii) of Theorem 76 and hence t is the polar node of C s , K i = W B (s, t) ∩ C s and K j = (C s ∩ W F (s, r)) ∪ {s} ∪ I(s). Let z be a free node in W F (s, t)) \ C s (it exists by definition). Both z and y belong to N (C s ) and have the common neighbor y ∈ C s . Since C s is weakly normal, we have that z and y are adjacent both in G and in G (C s ,K) and are dissimilar, implying that z belongs to H. But then we have zx ∈ E, the nodes z and t are not adjacent and have the common neighbor x ∈ C s , contradicting the assumption that C s is weakly normal. It follows that H is a maximal clique in G and hence induces a free component.
Finally, suppose that H is not liftable and hence, by Theorem 73, that it is not weakly normal. It follows that in G there exists two non-adjacent nodes x, y ∈ N (H) with a common neighbor z ∈ H. Since H is liftable (and weakly normal) in G (C s ,K) we have that either x or y is non-adjacent to z in G (C s ,K) . Without loss of generality, suppose that x is not adjacent to z in G (C s ,K) and hence that both x and z belong to C s . It follows that z is adjacent (in G (C s ,K) ) to a lifting node in {q i , q i : i = 1, . . . , p}, let k be such a node. Since y is not adjacent to x in G, it does not belong to C s and hence it is non-adjacent to the lifting nodes. But then, z is the common neighbor (in G (C s ,K) ) of the non-adjacent nodes y and k, contradicting the assumption that H is weakly normal in G (C s ,K) .
Hence, we have proved that H is a liftable free component in G. Since G is freelifted, we have that H is an M -clique and, consequently, an M (C s ,K) -clique in G (C s ,K) . This completes the proof of Property (b).
To prove Property (c) observe first that if K i ∩ V (M ) = ∅ and either s / ∈ K i or N (s) \ C s = ∅ then K i ∪ {q i } is not an M (C s ,K) -clique.
To prove sufficiency, note that if s ∈ K i and N (s) \ C s = ∅ there exists no polar node of C s , K i = {s} ∪ I(s) and the new clique K i ∪ {q i } is an M (C s ,K) -clique.
Assume now that K i ∩ V (M ) = ∅ and let r be the polar node of C s (if it exists). Observe that, by Definition 73, either we have (i) K i = C s (t i ) with t i ∈ S \ {r}, or (ii) K i = C s (r) ∪ {s} ∪ I(s), or (iii) K i = (C s ∩ W F (s, r)) ∪ {s} ∪ I(s), or (iv) K i = W B (s, r) ∩ C s . The case (ii) occurs if F (s) \ C s = ∅ while cases (iii) and (iv) occur if F (s) \ C s = ∅.
If K i contains some node u ∈ V (M ) \ S, let v be the node in V (M ) ∩ S matched to u by M . Since C s is not the M -clique {u, v}, we have that v does not belong to C s . If v is the polar node r of C s , we have that N (s) \ C s is non-empty and is contained in W (s, v). Since {u, v} is a strongly bisimplicial clique, there exists no bound node z in N (s) \ C s (otherwise the node s ∈ N (u) would be adjacent to the node z ∈ N (v)). It follows that F (s) \ C s = ∅ and hence K i = W B (s, v) ∩ C s and we are in case (iv). If, conversely, v is not the polar node of C s , then K i = C s (v) and we are in case (i). In both cases K i = {u}, otherwise the hypothesis that {u, v} is a strongly bisimplicial clique would be contradicted. It follows that the new clique K i ∪ {q i } is an M (C s ,K) -clique.
If K i contains some node u ∈ V (M ) ∩ S, we have u ≡ s and we are either in case (ii) or in case (iii). Let v be the node in V (M ) \ S matched to s by M . We have N (s) \ C s = {v} and, since v is non-adjacent to any node in C s \ {s}, there exists no polar node of C s . It follows that, in both cases, K i = {s} ∪ I(s) and the new clique K i ∪ {q i } is an M (C s ,K) -clique. This concludes the proof of Property (c).
To prove Property (d) we first prove the following: Claim 1. Any maximal clique belonging both to G and to G (C s ,K) which is not weakly normal in G is also not weakly normal in G (C s ,K) .
Proof. By contradiction, assume that there exists a maximal clique Q belonging both to G and to G (C s ,K) which is not weakly normal in G but is weakly normal in G (C s ,K) . It follows that in G there exist non-adjacent nodes x, y ∈ N (Q) having a common neighbor z ∈ Q but such a configuration is not preserved in G (C s ,K) . Since the lifting operation does not remove nodes nor adds edges connecting previously existing nodes, we have that one of the two edges xz and yz has been removed; without loss of generality, assume that x and z are not adjacent in G (C s ,K) . It follows that the nodes x and z belong to different sets in K = {K 1 , K 2 , . . . , K p }, where K i = N (q i ) ∩ C s (i ∈ {1, . . . , p}; say x ∈ K j and z ∈ K h . But then in G (C s ,K) q h and y are non-adjacent nodes in N (Q) having the common neighbor z ∈ Q, contradicting the assumption that Q is weakly normal in G (C s ,K) . The claim follows. End of Claim 1.
Let u and z be the nodes matched to v and s 1 , respectively, by M . Observe that z and u belong to M -cliques Q z and Q u , respectively, and hence do not belong to C. Moreover, the cliques Q z and Q u are different since {s 1 , z} and {u, v} are strongly bisimplicial cliques. Let y be the stable node in Q z . Since u and y do not belong to C, We have that u, y = s 1 , s 2 and hence that s 1 defines three distinct wings W (s 1 , u), W (s 1 , s 2 ) and W (s 1 , y) contradicting the assumption that k s 1 ≤ 2.
Assume now s 1 / ∈ V (M ) and suppose, by contradiction, that s 1 is adjacent to nodes v 1 , v 2 ∈ V (M ) ∩ C. Let u 1 , u 2 be the nodes matched to v 1 , v 2 by M . We have that u 1 and u 2 do not belong to C. It follows that u 1 , u 2 = s 1 , s 2 and hence that s 1 defines the wings W (s 1 , u 1 ), W (s 1 , u 2 ) and W (s 1 , s 2 ) , contradicting the assumption that k s 1 ≤ 2. The claim follows.
End of Claim (v).
By the above claims we have that C contains at most two nodes in V (M ), namely Observe that, by assumption, Q is not an M -clique (it would coincide with C) and is not S-liftable. Moreover, by Corollary 31, Q is weakly normal. Consequently, by Theorem 53, it is either a free component of G with respect to S or contains a node u ∈ S. If Q were a free component, by Theorem 73 it would be liftable. Since G is free-lifted, by Definition 74 Q would be an M -clique, contradicting the assumption.
It follows that Q contains a node u ∈ S. By Theorem 31 (applied to G[C]), there exist three nodes x, y, z ∈ C with the property that x, y are two Q-distant nodes in N (Q) \ N (u) and z belongs to N (u) \ Q and is null to {x, y}. Letx andȳ be two nodes in Q which are adjacent to x and y and not adjacent to y and x, respectively. The nodesx andȳ exist since x and y belong to N (Q) and are Q-distant. Moreover, x andȳ are not adjacent to z (since Q is weakly normal) and do not belong to I(u) (since they are adjacent to x / ∈ N (u) and y / ∈ N (u), respectively). It follows thatx andȳ belong to wings (possibly coincident) W (u, s 1 ) and W (u, s 2 ), respectively. Consequently, x belongs to N [s 1 ] and y belongs to N [s 2 ]. Observe thatx does not belong to V (M ) for, otherwise, it would be matched to x by M contradicting the assumption that x belongs to C. Analogously,ȳ / ∈ V (M ). Consequently, if W (u, s 1 ) and W (u, s 2 ) are distinct wings the S-partition K of Q contains the partial wings Q(s 1 ), Q(s 2 ) ⊆ V (M ). But then Q is S-liftable, a contradiction. It follows that s 1 ≡ s 2 ≡ s.
In this case we have that the non-adjacent nodes x and y cannot be both free and neither of them coincides with s. Suppose, without loss of generality, that x is not free and hence is a bound node adjacent to s and s ′ = u, s. Sincex ∈ W (u, s) we have thatxs ′ / ∈ E and, by claw-freeness, that s is adjacent tox. It follows that s defines at least two wings, W (s, u) and (W (s, s ′ ). The node y is adjacent to s and not adjacent to x andx. It follows that both x andx belong to a clique C s of some S-cover C ′ of G while y belongs to C s . Since Q is normal, by Theorem 53 it belongs to every S-cover, so we can assume C ′ ≡ C.
Suppose that C s is an M -clique. Since sy ∈ δ(C s ), we have that sy belongs to M . But this is impossible since s is adjacent tox, y adjacent toȳ andxȳ ∈ E,
